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ABSTRACT 


The  results  of  a  theoretical  and  experimental  investigation  of 
transverse-wave  couplers,  and  of  frequency  doublers  employing  these 
couplers  in  conjunction  with  a  resonant  quadrupole  circuit,  are  described. 

The  theoretical  description  of  transverse-wave  couplers  is  based 
upon  the  well  known  coupled  mode  formalism  which  describes  the  interaction 
between  the  normal  modes  on  a  filamentary  electron  beam  immersed  in  a 
longitudinal  dc  magnetic  field  and  the  normal  modes  on  a  periodic  circuit. 
The  theory  of  both  traveling-wave  and  resonant  couplers  is  developed  in 
detail  so  that  the  significant  characteristics  of  the  coupling  inter¬ 
actions  are  described  in  terms  of  known  quantities.  The  coupled  mode 
theory  has  been  extended  to  include  twisted  transverse-wave  couplers 
with  a  resiilting  clarification  of  this  important  class  of  interactions. 

The  theory  shows  that  the  traveling-wave  couplers  may  have  a  large 
bandwidth  but  generally  tend  to  be  quite  long  due  to  the  low  interaction 
Impedance  characterizing  this  type  of  circuit.  Much  stronger  coupling 
per  unit  length  is  obtained  by  the  use  of  resonant  circuits  with  a 
resulting  decrease  in  the  length  and  bandwidth  of  the  coupler.  The 
type  of  coupler  to  be  used  in  a  particular  device  depends  upon  the 
requirements  and  restrictions  Involved. 

The  theory  of  transverse-wave  frequency  doublers  uslrig  a  resonant 
quadrupole  cavity  is  developed  in  detail  from  a  coupled  mode  approach. 

It  is  found  that  the  fast  cyclotron  wave  doubler  which  has  been  investi¬ 
gated  previously  is  a  special  case  of  a  general  class  of  interactions. 

In  general,  a  periodic  quadrupole  circuit  interacting  with  any  one  of  the 
four  transverse  waves  can  resiilt  in  a  second  hafTnonic  output  from  the 
quadrupole  if  the  proper  synchronism  conditions  are  met.  Some  of  these 
cases  are  of  particular  interest  since  they  Involve  an  active  interaction 
with  the  beam  which  can  result  in  frequency  conversion  efficiencies  that 
are  greater  than  one  hundred  per  cent.  The  characteristics  of  the  various 
frequency  doubling  interactions  are  presented  in  terms  of  normalized 
c\irves  and  eqxiatlons  that  may  be  readily  used  in  the  design  of  devices. 


-  ill 


An  experimental  study  of  some  of  the  coupling  and  frequency  doubling 
schemes  described  in  the  theoretical  analysis  vas  carried  out.  In  the 
course  of  this  work  several  nev  types  of  transverse-field  coupler  and 
quadrupole  circuits  were  investigated  and  found  to  be  of  practical 
Importance.  The  experimental  resvilts  were  in  good  qualitative  agreement 
with  the  theory  in  all  cases,  but  a  quantitative  disagreement  was  observed 
in  the  cases  in  which  the  beam  was  an  appreciable  fraction  of  a  normal 
mode  wavelength  in  diameter. 

Frequency  doubling  by  means  of  the  synchronous  waves  was  observed, 
although  the  conversion  efficiency  was  only  one  per  cent  of  the  theoretical 
value.  This  discrepancy  Is  attributed  to  thick  beam  effects.  Doubling 
by  means  of  a  fast  cyclotron  wave  interaction  was  also  observed,  and  the 
25  per  cent  conversion  efficiency  in  the  quadrupole  was  in  good  agreement 
with  the  theory,  as  is  to  be  expected  since  the  relative  beam  diameter 
was  small. 

An  amplifier  consisting  of  two  synchronous  wave  couplers  was  also 
investigated  and  the  net  gain  of  8  db  was  5  db  below  the  predicted  value. 
High  values  of  gain  can  be  expected  from  this  device  if  a  proper  design, 
that  takes  into  account  thick  beam  effects,  is  used. 
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CHAPTER  I 


INTRODUCTION 

The  study  of  transverse-wave  electron  devices  has  received  widespread 

attention  recently,  primarily  due  to  the  promise  of  the  higher  efficiencies, 

lower  noise  figures,  and  basically  new  types  of  interactions  which  may  be 

obtained  by  utilizing  the  transverse  modiJ.ation  of  an  electron  beam.  The 

transverse  waves  which  can  exist  on  a  straight  electron  beam  immersed  in  an 

axial  magnetic  field  are  characterized  by  transverse  displacement  and 

velocity  modulation  of  the  electrons  as  opposed  to  the  longitudinal 

modulation  characteristic  of  the  more  familiar  space-charge  waves.  The 

1  2 

initial  experimental  studies  of  transverse-wave  devices  by  Cuccia,  ’ 

Adler, ^  and  others  have  been  notably  successful  in  demonstrating  the 

practicality  of  this  class  of  devices  and  have  served  as  an  incentive  for 
further  work. 

The  first  theoretical  studies  of  interactions  between  a  thin  electon 
beam  and  a  circuit  supporting  a  transverse  electric  field  were  based  upon 
a  solution  of  the  Lorentz  forjce  equation  in  terms  of  the  dynamical  variables 

789 

for  one  electron.  ’  ’  This  Lagrangian  approach,  while  certainly  adequate, 
does  not  yield  solutions  in  the  simple  and  intuitive  form  that  is  obtain¬ 
able  with  a  wave  formalism.  Siegman,^^  and  others^^'^^  liave  described 
the  small-signal  excitation  of  the  beam  in  the  transverse  plane  in  terms 
of  circularly  polarized  waves,  yielding  results  which  are  easily  described 
in  terms  of  the  coupling  of  normal  modes.  Two  of  these  waves,  the  fast 
and  slow  cyclotron  waves,  are  characterized  by  a  rotation  of  the  individual 
electrons  at  the  cyclotron  frequency.  The  phase  velocities  of  these  waves 
are  greater  than,  and  less  than,  the  dc  beam  velocity  as  their  names  imply. 
The  other  two  waves  are  characterized  by  pure  transverse  displacement  of 
the  electrons  and  are  called  synchronous  waves  since  their  phase  velocities 
are  equal  to  the  beam  velocity.  Besides  these  differences  the  transverse 
waves  are  distinguished  by  the  sign  of  the  energy  which  they  carry  and  their 
polarization.  The  applicability  of  the  filamentary  beam  model,  used  to 
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obtain  this  wave  description,  to  devices  employing  finite  size  beams  is 

13  l4 

certainly  to  be  questioned.  However,  Gordon  and  Wessel-Berg  have 
demonstrated  that,  for  beams  of  nominal  thickness,  the  simple  results 
obtained  from  a  filamentary  beam  theory  are  approximately  correct,  although 
some  additional  waves  are  present. 

Two  classes  of  circuits  have  been  important  in  the  study  of  transverse- 

wave  interaction.  First  are  the  transverse  wave  couplers  which  have  a 

transverse  electric  field  that  is  uniform  over  the  portions  of  the  transverse 

plane  in  which  the  Interaction  takes  place.  The  first  complete  description 

9 

of  a  transverse  wave  coupler  was  given  by  Cuccia,  although  the  description 
was  in  terms  of  the  electron  dynamics  rather  than  waves.  This  coupler 
consisted  of  a  parallel  resonant  circuit  with  the  beam  passing  through  the 
uniform  field  of  the  capacitor  plates,  or  the  microwave  cavity  equivalent 
of  this,  and  an  axial  magnetic  field  with  the  cyclotron  frequency  equal 
to  the  signal  frequency.  In  terms  of  the  wave  formalism  this  coupler 
excited  the  fast  cyclotron  wave  with  infinite  phase  velocity.  Essentially 
all  of  the  experimental  devices  which  have  been  studied  have  employed  this 
type  of  coupler.  However,  it  is  of  some  value  to  use  couplers  with  other 
synchronism  conditions  to  obtain  new  types  of  interactions,  and  to  avoid 
the  high  magnetic  field  demanded  by  the  use  of  the  Cuccia  coupler  at  micro- 

wave  frequencies.  Several  authors  have  considered  the  theory  of  transverse- 

■,  .  •  ^  ^  10-12,  15,16  ^ 

wave  couplers  in  varying  degrees  of  generality.  ^  These  analyses 

have  dealt  with  the  general  aspects  of  coupling  to  a  traveling-wave  circuit 

which  can  be  predicted  from  the  coupled  mode  equations.  However,  a  detailed 

description  of  transverse-wave  couplers,  both  traveling -wave  and  resonant, 

has  not  been  given.  Such  a  description  would  include  a  discussion  of  how 

sensitive  the  coupling  between  the  circuit  and  the  beam  is  to  errors  in  the 

synchronism  conditons,  the  coupler  gain,  bandwidth,  and  a  comparison  of  the 

various  types  of  couplers.  One  of  the  purposes  of  this  study  is  to  consider 

these,  and  other  points,  related  to  transverse -wave  couplers. 

The  second  class  of  circuits  which  have  been  of  Interest  in  connection 

with  transverse  waves  are  the  quadrupole  structures.  The  quadrupole  field 

is  characterized  by  an  r  cos  29  variation  in  the  transverse  plane,  where 

r  is  the  radius  from  the  axis  and  0  is  the  angular  position.  The 

3 

parametric  amplifier  developed  oy  Adler,  Hrbek  and  Wade  uses  a  resonant 
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quadrupole  as  the  pumping  cavity.  Others  have  demonstrated  that  electro- 

17  l3 

static  quadrupoles  of  various  designs  are  useful  in  dc  pumped  amplifiers. 

The  interaction  between  a  thin  beam  and  a  general  quadrupole  circuit  may 
also  be  analyzed  in  terms  of  coupled  mode  theory,  as  has  been  done  by 
Bl^tekjaer  and  Wessel-Berg  and  others. The  differential  equations 
now  have  time  and  space  varying  coefficients  which  lead  to  more  complex 
solutions  than  in  the  case  of  the  coupler  type  circuits. 

One  of  the  interesting  possible  classes  of  interactions  in  a  quadrupole 

type  cavity  leads  to  frequency  doubling.  This  had  been  noticed  earlier  by 

20  21 
Cuccia  and  later  by  others  in  connection  'ftith  the  Adler  tube.  In  this 

case  the  fast  cyclotron  wave  excitation  due  to  an  infinite  phase  velocity 

input  coupler  Induces  a  second  harmonic  current  in  the  quadrupole  cavity 

due  to  the  difference  In  angular  variation  between  the  cyclotron  wave  and 

22 

the  quadrupole  circuit.  Lindsay  and  Gaunter  analyzed  this  situation  by 

means  of  a  ballistic  approach  and  obtained  predictions  of  conversion 

efficiencies  greater  than  fifty  per  cent.  Cuccia  also  noted  that  the 

basic  principle  could  be  extended  to  higher  multiplication  ratios  by  using 

higher  order  multipole  circuits,  and  obtained  five  per  cent  conversion 

20 

efficiency  in  multiplying  up  to  3*2  kMc  with  a  frequency  quadrupler. 

The  cyclotron  wave  frequency  doubler  described  above  is  quite  interest¬ 
ing,  not  only  because  of  the  possibility  of  high  conversion  efficiency  but 
also  because  it  appears  that  relatively  high  power  levels  could  be  obtained, 
and  because  the  circuit  dimensions  make  the  device  amenable  to  scaling  to 
high  frequencies.  The  previous  work  on  frequency  doublers  has  been 
restricted  to  this  special  case.  One  of  the  purposes  of  this  study  will 
be  to  carry  out  a  general  analysis,  based  on  the  coupled  mode  approach, 
of  the  class  of  frequency  doublers  employing  one  or  more  of  the  four 
transverse  waves  interacting  with  the  electric  field  in  a  periodic  quad¬ 
rupole  cavity. 

In  addition  to  the  theoretical  studies  of  coupler  and  quadrupole 
interactions  that  were  indicated  above,  experimental  studies  of  some 
transverse-wave  devices  were  carried  out.  One  purpose  of  this  part  of 
the  research  program  was  to  develop  some  new  types  of  transverse-field 
circuits  that  were  suitable  for  use  in  transverse-wave  tubes.  A  second 
purpose  was  to  verify  some  of  the  interactions  that  were  predicted  in 
the  theoretical  analysis  and  have  not  been  investigated  by  others. 
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A  brief  account  of  the  contents  of  this  report  is  given  in  this  and 
the  following  paragraphs.  Chapters  II  and  III  give  a  description  of  the 
traveling-wave  and  resonant  type  couplers  which  may  be  used  to  couple  to 
the  various  transverse  waves.  The  basic  ideas  in  these  chapters  are  not 
new,  but  the  complete  solutions  to  the  problems  discussed  have  not  been 
given  before.  The  next  chapter  deals  with  a  new  type  of  coupler  circuit 
which  has  some  interesting  applications.  These  twisted  circuits  can  be 
used  to  couple  waves  together  in  a  manner  which  could  not  be  obtained 
with  conventional  circuits.  For  example,  it  is  possible  to  couple  equally 
to  the  fast  and  slow  cyclotron  waves  with  the  appropriate  twisted  coupler. 

The  next  two  chapters  give  a  complete  description  of  frequency  doublers 
using  quadrupole  circuits.  Chapter  V  is  concerned  with  the  cyclotron  wave 
doubler,  and  the  previous  work  which  has  been  done  on  this  subject  is  shown 
to  be  a  special  case  of  the  more  general  device.  Chapter  VI  describes 
the  frequency  doublers  which  employ  the  synchronous  waves.  These  are 
particularly  interesting  devices  because  of  the  high  conversion  efficiency 
which  can  be  obtained  in  some  cases. 

The  next  two  chapters  are  reports  of  experimental  studies  of  transverse - 
wave  devices.  .  Chapter  VII  describes  a  class  of  slow  wave  structures  which 
are  suitable  for  use  as  coupler  and  quadrupole  circuits.  Results  of  studies 
of  the  dispersion  characteristics  and  interaction  impedances  are  given. 
Finally,  Chapter  VIII  describes  results  obtained  from  an  experimental 
device  which  was  used  to  study  transverse-wave  frequency  doublers  and 
couplers.  An  amplifier  which  consists  of  two  synchronous -wave  coupler 
cavities  is  described  and  the  results  of  an  Investigation  of  frequency 
doublera  based  upon  the  cyclotron  and  synchronous  wave  interactions  are 
given.  To  the  author's  knowledge,  these  are  the  first  studies  to  be 
carried  out,  with  periodic  circuits,  at  dc  power  levels  of  more  than 
1.0  kilowatts.  These  results  are  important  since  they  ha”e  a  bearing 
on  the  question  of  the  use  of  transverse-wave  devices  at  high  power 
levels. 
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CHAPTER  II 


TRAVELING-WAVE  COUPLERS 

The  central  purpose  of  this  chapter  is  to  use  the  coupled  mode  theory 
to  obtain  the  information  necessary  to  the  understanding  and  design  of 
traveling-wave  couplers  which  can  be  used  to  excite  the  transverse  waves 
on  the  beam.  The  solution  of  the  basic  equations  is  straightforward  and 
others  have  described  some  of  the  results  given  here.  However,  a  detailed 
discussion  of  this  class  of  couplers  has  not  been  given,  and  is  required 
in  order  to  bring  out  the  synchronism  requirements,  the  bandwidth,  and 
the  scaling  properties. 

The  discussion  of  interactions  between  transverse-field  circuits  and 
electron  beams  is  restricted  to  those  mechanisms  which  are  usually  associated 
with  the  excitation  or  removal  of  a  signal  on  a  beam.  No  discussion  of 
traveling-wave  tubes  or  backward-wave  oscillators  is  given  here,  as  these 
devices  do  not  bear  on  the  main  purpose  of  this  study. 

The  first  section  of  this  chapter  gives  a  review  of  the  coupled  mode 
theory  which  is  used  for  much  of  the  analysis  in  this  thesis.  Then,  in 
the  next  two  sections  this  theory  is  applied  to  the  discussion  of  coupling 
to  a  positive  energy  wave  and  then  to  coupling  between  both  synchronous 
waves.  The  properties  of  an  interesting  class  of  traveling-wave  couplers 
which  are  twisted  about  their  axis  will  be  left  until  Chapter  IV. 

A.  REVIEW  OF  COUPLED  MODE  THEORY 

The  purpose  of  this  section  is  to  present  the  important  results  of 
the  coupled  mode  theory  for  transverse-wave  interactions  in  the  form  which 
has  been  used  by  Siegman.  This  theory  will  form  the  basis  of  the 
analytical  approach  used  in  this,  and  the  later  chapters,  to  consider  the 
various  types  of  transverse-wave  couplers.  This  review  is  necessary  in 
order  to  provide  the  working  equations  for  the  later  calculations . 
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The  model  which  is  used  to  derive  the  coupled  mode  equations  is  one 
in  which  the  electron  beam  is  considered  to  be  a  very  thin  filament  of 
electrons  traveling  with  a  velocity  u^  in  the  positive  z  direction  as 
Shown  in  Fig.  2.1.  A  magnetic  field,  Bq  ,  directed  along  the  z  axis 
provides  the  restoring  force  for  the  transverse  oscillations  which  character¬ 
ize  the  transverse  waves.  The  equation  which  describes  the  dynamics  of 
the  electrons  which  make  up  the  filamentary  beam  is 

dv/dt  =  -^e/m);[E  +  v  x  B]  .  (2.l) 

In  this  equation  E  and  B  are  the  external  vector  fields  and  v  is  the 
velocity.  The  electronic  charge  e  is  a  positive  number.  The  electric 
field  due  to  the  circuit  is  assumed  to  have  no  z  component  and  to  be 
uniform  in  the  transverse  plane.  This  is  strictly  true  only  for  an 
infinite  phase  velocity  structure  and  is  approximately  true,  over  the 
region  of  interaction,  for  slow  wave  circuits  if  the  beam  is  small  in 
diameter  and  the  beam  excursion  is  small.  The  force  due  to  the  ac 
magnetic  field  of  the  circuit  will  also  be  neglected.  This  assimiption 
is  also  strictly  valid  for  infinite  phase  velocity  and  slow-wave  structures. 

For  a  beam  of  infinitesimal  thickness,  the  modulation  of  the  electrons 
is  independent  of  the  transverse  dimensions  so  that  the  time  derivative 
may  be  written  as 


d/dt  =  SySt  +  Up  h/bz  ,  (2.2) 

where  Up  is  the  velocity  in  the  z  direction.  Upon  substituting  (2.2) 
into  (2.1)  and  using  the  definition  of  the  cyclotron  frequency 

01^  =  e  Bp/m  (2.3) 

and  the  definition  of  velocity 

v^  =  dx/dt  ,  etc.  , 
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we  obtain  the  four  equations  describing  the  motion  of  the  beam.  These  are 
cast  in  a  particularly  simple  formulation  by  assuming  all  quantities  vary 
as  e"^^  and  defining  the  circularly  polarized  variables: 

r^  =  1/2  (x  -  Jy)  ,  v_^  =  1/2  (v^  -  JVy) 

r_  =  1/2  (x  +  Jy)  ,  v_  =  1/2  (v^  +  JVy) 

(2.M 

=  1/2  (E^  -  JEy) 

E_  =  1/2  (E^  +  JEy) 


The  beam  excitation  may  then  be  expressed  by  the  equations 


hv^/bz  +  J(pg  +  v^ 

bv_/bz  +  j(Pg  -  V 

ar^/bz  +  J  Pg  =  v_^ 
ar/Sz  +  Jp^r  =  v 


where 


Pe  = 

Pc  =  “c/'^O 


(2.5) 


(2.6) 
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It  l8  evident  that  there  are  four  vave-llke  solutions  with  e 
The  four  values  of  p  are: 


variation 


Pi  -  Pe  *  Pc 


P2  =  Pe  -  Pe 


P3-Pe 


(2.7) 


Each  of  these  represents  a  normal  mode  on  the  beam  and  these  will  be  defined 
later. 

The  next  step  in  setting  up  the  coupled  mode  formulation  is  to  obtain 
the  equation  which  describes  the  circuit  excitation  due  to  the  modulation 
on  the  beam.  Slegman^^  accomplishes  this  be  considering  the  transmission 
line  equations  relating  the  circuit  voltage  and  current  to  the  current 
Induced  by  the  beam.  This  assixmes  that  the  circuit  phase  velocity  Is  much 
less  than  the  velocity  of  light,  or  that  the  structure  is  much  smaller 
than  the  free-space  wavelength,  so  that  the  electric  field  can  be  represented 
by  a  scalar  potential.  This  is  usucQly  a  valid  assumption.  We  then  have 


dv/bz  = ;  j  PqZqI 
dl/dz  =  +  J(^o/ZQ)  V  +  J 


(2.8) 


where  and  are  the  circuit  propagation  constant  and  impedance  In 
absence  of  the  beam  and  J  is  the  current  Induced  per  unit  length.  The 
upper  sign  applies  to  a  wave  with  positive  group  velocity,  and  the  lower 
to  a  wave  with  negative  group  velocity.  The  transverse  electric  field  at 
the  beam  position  is  defined  in  terms  of  the  circuit  voltage  by  the  complex 
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polarization  coefficients 


f^  and  f_  ,  which  characterize  the  circuit: 

V/D  (2.9) 


E_  =  -  f_  V/D  ,  (2.10) 

where  and  £  represent  the  circularly  polarized  fields  given  In 
(2.4),  and  D  Is  an  arbitrary  normalizing  distance  which  will  not  appear 
in  any  of  the  final  results.  Note  that  the  ccmplex  expressions  for  the 
fields  and  E  are  to  be  used  In  Eqs.  (2.4).  To  Insure  that  |e|^ 
is  equal  to  (V/d)^  it  follows  that 


I  The  induced  current  per  unit  length  can  be  represented  by  the  expression 
given  by  Siegman:^® 


* 

J  =  -  J  —  (f.  r  +  r*  rj  ,  (2.12) 

”"0 

where  is  the  beam  current.  Equations  (2.5),  (2.8),  and  (2.12)  are 
the  equations  necec'i'iry  to  describe  the  beam-circtiit  system  for  this 
transverse  field  case.  These  are  put  in  the  final  form  by  defining  the 
normal  modes  so  that  the  square  of  their  amplltiide  represents  the  power 
carried: 

Aq  =  =  circuit  wave 

=  J  k  v^  =  slow  cyclotron  wave 

Ag  =  j  k  V  =  fast  cyclotron  wave  (2.13) 

-  J  ^  (\  ^  r^)  =  positive  polarized  synchronous  wave 
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■ 


Al  -  J  k  (v_ 


-  J  (0  r  )  >■  negative  polarized  synchronous  wave  , 
®  “  * 


where 


A.  “ 

2e/m  <D 


»  .  (2.14) 


Notice  that  the  beam  waves  are  circularly  polarized.  Slegman  shows  that 
the  power  carried  by  the  system  Is 

P  =  ±  IAqI^  -  +  lAgl^  +  .  (2.15) 

The  final  form  for  the  coupled  mode  equations  Is; 


+  J(p^  +  p^)  A^  -  J  K  f^  Aq 
^k^z  +  J(P^  -  P^)  Ag  =  J  K  f_  Aq 


bk^/bz  +  J  p^  A3  =  J  K  f^  Aq 


(2.16) 


bki^/bz  +  J  Pg  Aj^  =  J  K  f _  Aq 

bk^/dz  +  J  Pq  Aq  =  ±  J  K  [f*  (A3  -  A^^)  +  f*  (Ag  -  A^)] 


The  coupling  coefficient,  K  ,  is  given  by 


/I  “  «T 

K  .  j - ip 

2  (0  R-  ^ 
c  0 


,  (2.17) 
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where  Is  the  transverse  Interaction  Impedance,  defined.  In  terms  of 
the  field  and  power  flow,  P  ,  by 


EE*  +  E  E* 


(2.18) 


and  Rq  is  the  dc  beam  Impedance  . 

In  the  absence  of  a  circuit  (Aq  =  O)  these  equations  Just  give 
the  four  transverse  waves  which  an  propagate  on  a  filimentary  beam.  The 
wave  propagation  constants  are  given  by  (2.7)  and  the  dispersion  character¬ 
istics  are  shown  in  Fig.  2.2.  From  (2.15)  we  see  that  the  waves  Ag  and 
A^  carry  positive  energy  while  A^  and  Aj^  carry  negative  energy.  Since 
the  subsequent  work  will  be  in  terms  of  wave  amplittides,  it  is  convenient 
to  express  the  induced  ciirrent  and  the  beam  displacement  in  terms  of  the 
wave  amplitudes.  Sy  using  (2.9)  and  (2.10),  we  obtain 

21  03 

.  j  =  .  j  - 0  _  [f*  (A  .  A  )  -  f*  (A  -  A,)]  (2.19) 

•  Dku-  03  ^  ^  ^  ^ 

0  c 

and 


*  ""  ST  ^^1  -  Ag  -  A^  +  Aj^] 
c 

y  =  J  k^  ^'^l  ^2  •  “^3  ■ 

c 


(2.20) 


These  last  equations  are  useful  in  the  calculation  of  interception  condi¬ 
tions  . 

The  theoi^  presented  above  has  been  very  successful  in  predicting 
the  characteristics  of  the  transverse-wave  devices  which  have  been  tested 
up  to  this  time.  However,  the  fllamenta3:y  beam  assumption  which  makes 
this  simple  approach  possible  is  veiy  likely  to  be  violated  in  devices 
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which  are  IntjQnded  to  oi>erate  at  dc  power  levels  above  the  milliwatt 
13 

region.  Gordon  considered  this  problem,  utilizing  some  simplifying 

assumptions,  and  found  that,  for  beam  radii,  a  ,  such  that  ^a  «  1  , 

the  filamentary  beam  theory  still  describes  the  motion  of  the  center  of 

mass  of  the  beam.  In  this  inequality  ^  is  the  propagation  constant  of 

the  beam  wave  in  question.  In  addition  to  these  solutions,  another  set 

of  waves,  which  represent  InterneJ.  motion  of  the  beam,  waa  found.  The 

propagation  constants  of  these  waves  depend  upon  the  space-charge  density 

of  the  beam,  and  are  most  widely  separated  from  the  filamentary  beam  waves 

l4 

when  a  Brlllouln  flow  beam  is  used.  Wessel-Berg  has  analyzed  the 

Brillouin  flow  problem  from  a  rigorous  field  approach  and  obtains  results 

in  quall'ftitlve  agreement  with  Gordon’s.  In  addition,  Wessel-Berg  finds 

higher  order  transverse  waves  having  azimuthal  variations  exp  (ln6)  , 

where  n  is  any  integer.  The  conclusion  which  may  be  drawn  from  these 

results  is  that  the  filamentary  beam  theory  still  provides  a  guide  for 

discussing  high  power  interactions,  but  that  additional  beam  waves  with 

© 

different  phase  velocities  will  be  present.  If  care  is  not  taken  to  avoid 
exciting  these  additional  waves,  the  device  will  not  perform  in  the  manner 
predicted  by  the  simple  theory. 

B.  PASSIVE  COUPLING  TO  ONE  ViAVE 

Here  we  are  Interested  in  using  a  traveling-wave  circuit  as  a  coupler 
to  excite  one  of  the  positive  energy  transverse  waves.  One  application  of 
such  a  coupler  is  in  parametric  amplifiers  of  the  type  described  by  Adler, 
where  the  amplifying  mechanism  is  frequency  independent  and  the  bandwidth 
is  determined  by  the  couplers.  In  order  to  obtain  a  large  beuidwidth 
traveling-wave  couplers  are  used.  The  alternative  choice  of  resonant 
couplers  and  the  resulting  small  bandwidths  are  discussed  in  the  next 
chapter. 

The  circuit  is  assumed  to  have  only  a  transverse  electric  field  at 
the  beam  position  as  described  in  Section  II.A.  Selective  coupling  to 
one  of  the  beam  waves  is  accomplished  by  employing  a  circuit  which  has  the 
appropriate  phase  velocity  as  well  as  a  circularly  polarized  field 
component  which  is  of  the  same  polarization  as  the  beam  wave  to  be  excited. 
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Because  the  phase  velocities  of  the  transverse  waves  are  widely  separated 
(B  is  usually  of  the  order  of  na^piitude  of  3  )  ,  or  the  waves  are 

C  6 

separated  by  their  polarization,  it  is  possible  to  have  coupling  between 
the  circuit  and  essentially  one  beam  wave.  This  simplifies  the  mathematics 
considerably.  * 

Rather  than  consider  either  the  positive  energy  cyclotron  or  synchronous 
wave  alone,  we  will  employ  the  generalized  coupled  mode  equations  which 
both  waves  obey.  From  Eqs.  (2.l6)  we  may  write 


hk^/bz  +  J  -  J  K  f  Aq  =  0 

bk^/bz  +  J  -qAq  -  J  K  f *  A^  =  0 


(2.21) 


a 

The  subscript  1  designates  which  of  the  positive  energy  waves  is  under 

consideration  and  f  is  the  polarization  factor  of  thal^wave.  Typical 

dispersion  characteristics  for  the  beam  and  circuit  waves  are  shown  in 

Pig.  2.2.  These  equations  are  solved  easily  by  s\ibslSLtutlng  in  the  assumed 

-1Bz 

exiwnentlal  variation  e  to  yield  the  values  of  B  : 


a 

By  matching  the  conditions  Imposed  at  the  input  end  of  the  circuit  and 
beam  (at  z  =  O)  the  expressions  for  the  circuit  and  beam  waves  are 
obtained : 
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where  we  define 


and  j 

*  0  =  K  If  1  /l  +  .  (2.25) 

23 

These  resvLIts  are  equivalent  to  those  given  hy  Louisell.  However,  the 
dependence  upon  the  polarization  of  the  circuit  is  shown  explicitly  here. 
The  polarization  factor  has  been  retained  to  emphasize  the  difference 
between  linearly  and  circularly  polarized  circuits. 

The  usual  case  of  Interest  is  the  one  in  which  the  initial  excitation 
is  either  entirely  on  the  circuit  (an^input  coupler)  or  on  the  beam  (an 
outpvfc  coupler).  In  that  case^the  complete  transfer  of  power  from  one 
wave  to  the  other  occurs  in  the  distance 

't=Jt/2|f|K  (2.26) 

at  sjTichronlsm  (7=0)  .  For  a  circuit  which  propagates  a  lineeurly 

polarized  field,  polarized  in  the  x  direction,  ,  while 

for  a  circularly  polarized  field  f^  or  f  is  unity.  Since  the  coupling 
coefficient,  K  ,  is  small  at  best,  it  is  desirable  to  use  circularly 
polarized  circuits  to  reduce  the  coupler  length.  However,  for  practical 
reasons  it  is  easier  to  develop  linearly  polarized  structures  and  the 
circvilts  to  be  discussed  in  Chapter  VII  are  lineeu'ly  polarized.  It  is 
also  true  that,  for  some  of  the  interactions  to  be  discussed  later, 
linearly  polarized  structures  are  desirable.  It  should  be  noted  that  the 
use  of  linearly  polsurized  couplers  for  synchronous  waves  does  not  fall 
into  the  kind  of  interaction  discussed  here  since  the  two  waves  have  the 
same  phase  velocity.  This  situation  will  be  discussed  in  Section  II. C. 

There  are  two  important  points  of  interest  in  the  consideration  of 
traveling-wave  couplers:  the  synchronization  requirements  and  the  band¬ 
width.  Prom  Eqs.  (2.23)  it  is  a  simple  matter  to  decide  how  close  to 


7  = 


2\f\  K 


(2.24) 
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synchronism  the  beam  and  circuit  waves  must  be  to  obtain  strong  Interaction. 
For  example,  If  an  Input  coupler  Is  designed  correctly,  Its  length,  -t  , 
satisfies  (2.26)  so  that  all  of  the  power  Is  transferred  to  the  beam  at 
synchronism.  When  the  beam  varies  from  this  correct  velocity  so  that  7 
Is  not  zero,  we  have  as  the  ratio  of  the  output  beam  power  to  the  Input 
power,  defined  as  the  transfer  efficiency. 


P, 

beam 

input 


‘sln(  |./l  -H  7^) 
>/l  +  7^ 


(2.27) 


This  may  be  put  In  a  more  convenient  form  by  siibstltuting  the  definition 
of  7  from  (U)  and  using  (5).  Kien  the  transfer  efficiency  may  be 
wrltten^^^ 


sin  (  f .71  HiQ/nUf  ) 

n/i  +t(e/«)6f  ^ 


(2.28) 


where 


©  =  =  length  of  coupler  in  radians  , 

€  =  1  -  Vq/v^  =  fractional  velocity  error  , 
Vq  =  circuit  phase  velocity  , 
v^  =  beam  wave  phase  velocity  . 


This  result,  which  is  symmetrical  in  e,  is  plotted  in  Fig.  2.3.  It  is 
equally  applicable  to  output  couplers.  We  see  that  the  hidf  power  points 


'  'We  have  assumed  that  K  is  invariant  to  small  changes  in  the  beam 
velocity.  This  is  valid,  for  small  coupling,  even  though  K  is  proportional 
to  the  beam  velocity  [as  may  be  seen  from  (2.17)  by  noting  that  the  beam 
current  is  proportional  to  the  three  halves  power  of  the  voltage]  since  the 
primary  change  in  the  transfer  coefficient  ccaies  from  the  velocity  error 
multiplied  by  the  large  number  9/n  and  not  from  the  small  variation  in  K  . 
Equation  (2.28)  is  quite  correct  at  K/p.  »  0.1  ,  which  is  strong  coupling 

for  a  traveling-wave  circuit,  as  can  be  seen  from  the  results  in  Chapter  VII. 
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occur  when  (©/«)€  =  0.75  •  For  a  coupler  which  is  five  wavelengths  long 

the  allowed  fractional  velocity  error  Is  0.038,  which  Is  still  quite  large. 

For  a  linearly  polarized  coupler,  this  optimum  length  corresponds  to 

=  0.1  ,  Which' is  9  relatively  large  value  for  the  circuits  discussed 

in  Chapter  VII.*  Consequently,  we  see  that  velocity  errors  of  a  few  per 
cent,  while  being  noticeable,  still  fall  in  the  range  of  strong  interaction 
for  usual  couplers.  * 

The  bandwidth  of  the  coupler  cannot  be  predicted  so*8imply.  The 
variation  of  the  coupling  coefficient  w^th  frequency  and  the  error  in 
synchronism  both  play  an  Important  role  here  and  the  only  valid  way  of 
predicting  bandwidth  is  to  have  the  dispersion  characteristics  and  a 
plot  of  the  interaction  impedance  for  the  particular  circuit  in  mind. 

Then  the  second  of  Eqs.  (2.23)  may  be  used  to  compute  the  frequency  dependence 
of  the  power  transferred  to  the  beam.  This  is  done  in  Chapter  VH  where 
experimental  circuits  are  discussed.  It  is  seen  there  that  beindwidths  of 
30  per  cent  are  easily  obtainable  in  fast  cyclotron  wave  couplers.  If 
the  reduction  in  power  transfer  as  a  result  of  frequency  deviat^n  is  due 
to  the  variation  of  the  coupling  coefficient  related  to  change  in  circuit  • 
impedance  rather  than  falling  out  of  synchronism,  tl^en  the  half-power 
point  bandwidth  is  determined  by  the  frequency  range  for  which  • 

f<|f|Rt<3«A  >  (2-29) 

© 

o 

as  can  be  seen  from  (2.23).  The  optimum  situation  would  be  for  the  coupling 
coefficient  to  be  Independent  of  frequency.  Eqtiation  (2.17)  shows  that 

% 

this  places  a  restriction  on  the  circuit  impedance.  The  impedance  of  the 
e  optimum  circuit  would  vary  so  that  E  /P  is  inversely  proportional  to 
the  frequency.  While  the  impedance  of  experimental  circuits  studied  in 
Chapter  VII  does  decrease  with  increasing  frequency,  it  is  generally  at 
a  ra'ffe  greater  than  that  indicated  above. 

C.  COUPLING  EQUALLY  TO  THE  SYNCHRONOUS  WAVES 

In  this  section  we  are  interested  in  studying  the  conditions  in  which 
a  traveling-wave  circuit  may  be  used  to  couple  to  both  of  the  synchronous 
waves.  The  distinction  between  this  and  the  previous  caise  is  that  here, 
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two-wave  coupling  Is  possible.  That  Is,  It  Is  possible  to  excite  two  beam 

waves  simultaneously  because  both  have  the  same  phase  velocity.  This  case 

Is  Interesting  for  two  reasons.  First,  the  optimum  coupler  for  the  synchro- 

2k 

nous  wave  amplifier  described  by  Nordbotten  Is  one  which  excites  both 
synchronous  waves.  This  results  In  an  Improvement  of  the  gain  in  the  ampllfy- 
•  Ing  section  of  6  db.  Second,  the  amplitude  of  the  synchronous  waves  excited 
In  such  a  coupler  Is  shown  below  to  be  proportional  to  the  length  of  the 
coupler.  Consequently,  it  is  possible  to  excite  large  wave  amplitudes  with 
little  expenditure  of  power  since  the  synchronous  waves  carry  energy  of 
opposite  signs. 

The  coupling  Is  described  by  the  equations 


© 


hk^/bz  +  J  -  J  K  f^  Aq  = 


bk^^/bz  +  J  j  K  f_  Aq  =  0 

bk^z  +  j  PqAq  K  [f*  A3  -  f*  Aj^]  =  0 


(2.30) 


where  the  upper  sign  Is  for  a  forward  wave  circuit.  The  cyclotron  waves 

aa 

have  been  neglected  since  they  will  usually  be  very  fax  from  synchronism 
with  the  coupler  circuit  in  this  case.  In  order  to  couple  strongly  to  the 
synchronous  waves  the  phase  velocity  of  the  circuit  should  be  close  to  the 
beam  velocity.  From  Eqs.  (2.30)  we  see  that,  by  using  circularly  polarized 
circuits  so  that  either  f_^  or  f  is  zero,  coupling  to  either  synchronous 
wave  may  be  achieved.  This  case  is  the  problem  discussed  in  the  previous 
section.  A  more  interesting  case  is  when  a  linear]^  polarized  circuit 
is  used  so  that  we  couple  equally  to  both  synchronous  waves.  We  may  solve 
Eqs.  (2.30)  in  general  by  assuming  solutions  of  the  form 


a 


j(a3t 

A3  =  a3(z)  e 


j(a3t 

A4  =  ai^(z)  e 


J(ajt 

Aq  =  aQ(z)  d 


-  PgZ) 

-  Pe") 

- 


(2.31) 
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waves  slmiiltaneously  because  both  have  the  same  phase  velocity.  This  case 

Is  Interesting  for  two  reasons.  First,  the  optimum  coupler  for  the  synchro- 
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nous  wave  amplifier  described  by  Nordbotten  Is  one  which  excites  both 
synchronous  wav^s.  This  results  In  an  Improvement  of  the  gain  In  the  amplify¬ 
ing  section  of  6  db.  Second,  the  amplitude  of  the  synchronous  waves  excited 
In  such  a  coupler  Is  shown  below  to  be  proportional  to  the  length  of  the 
coupler.  Consequently,  It  Is  possible  to  excite  large  wave  amplitudes  with 
little  expenditure  of  power  since  the  synchronous  waves  carry  energy  of 
opposite  signs. 

The  coupling  Is  described  by  the  equations 
bA^/dz  +  .1  -  J  K  f^  Aq  =  0 

dAi^/dz  +  J  -  J  K  f_  Aq  =  0  (2.30) 

SAq/Sz  +  J  PqAq  ;  J  K  tf*  A^  -  f*  A^]  =  0 


where  the  upper  sign  Is  for  a  forward  wave  circuit.  The  cyclotron  waves 
have  been  neglected  since  they  will  usually  be  very  far  from  synchronism 
with  the  coupler  circuit  in  this  case.  In  order  to  couple  strongly  to  the 
synchronous  waves  the  phase  velocity  of  the  circuit  should  be  close  to  the  ^ 

beam  velocity.  From  Eqs.  (2.30)  we  see  that,  by  using  circularly  polarized 
circuits  so  that  either  f_^  or  f  is  zero,  coupling  to  either  synchronous 
wave  may  be  achieved.  This  case  is  the  problem  discussed  in  the  previous 
section.  A  more  interesting  case  is  when  a  linearly  polarized  circuit 
is  used  so  that  we  couple  equally  to  both  synchronous  waves.  We  may  solve 
Eqs.  (2.30)  in  general  by  assuming  solutions  of  the  form 


J(a3t  -  p  z) 

=  Bijiz)  e 


A4  =  aj^(z)  e 


J(ajt  -  Bz) 


(2.31) 


Aq  =  aQ(z)  d 


j(ajt  -  Pqz) 
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No  generality  has  been  lost  In  assisnlng  the  unperturbed  propagation  constants 
above,  because  no  restrictions  have  been  placed  upon  the  z  dependence  of 
the  amplitudes.  Substituting  these  assumed  solutions  Into  the  coupled  mode 
equations  gives  the  differential  equations  for  the  amplitudes: 


dz 


-dz 


=  J  K  f_  aQ(z)  e 


(2.32) 

+J(P^  - 


-  =  +  j  K  [f  a»(z)  -  f  a.  (z)]  e 

dz  *  ^  ^  • 


Integration  of  these  equations  yields  the  general  solutionf.  When  either 
f_^  or  f  is  zero  we  have  the  simple  solutions  obtained  for  two  coupled 
waves  as  before.  In  the  case  of  linear  polarization  (polarized  in  the  x 
direction)  we  have  =  l/Ts'  and  the  solutions  are; 

• 

a3(z)*=  a3(0)  +  J  ^  M^z  aQ(o)  ^  ^  [a3(0)  -  aj^(O)]  z^  (2.33) 

•  p 

ai^(z)  =  a^(0)  +  J  ^  ^q{o)z  ^  Mg  [a3(o)  -  aj^(O)]  z^ 


where 


,  --J  A  z/2  Bln  A  z/2 

"1  A  z/2  • 


(2.3J+) 


^-y^z/2 

=  +  J  - P  [sin  A  z/2  -  ^  .  A  z/2]  (2.35) 

^  (A  z/zf 
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and 


(2-36) 


The  coefficients  M.  and  M.  give  the  sensitivity  of  the  coupling  to 
X  £  ® 

the  error  in  synchronism  and  are  shown  in  Figs.  Z.h  and  2.^.  Conservation 
of  energy  requires  that 

•  • 

|aQ(z)|^  +  la^Cz)!^  -  |aj^(z)l^  =  la^Co)!^  +  la^Co)!^  -  |aj^(0)  1^.(2. 37) 

. 

Substituting  (2.33)  into  this  relation  shows  tlJat  there  is  indeed  conserva¬ 
tion. 


In  the  case  of  an  input  coupler  for  a  transverse  wave  device  a^Co) 
and  ^2^(0)  would  be  zero.  The  situation,  is  then  one  in  which  the  circuit 
wave  is  undisturbed  and  the  beam  waves  both  grow  linearly  with  distance. 
Energy  is  conserved  since  one  synchronous  wave  carries  negative  jxjwer. 

By  substituting  these  mode  expressions  into  Bqs.  (2.20)^  we  obtain  the 
beam  excursion  at  a  fixed  plane  indicated  in  Pig.  2.6a.  Note  that  large 
excursions  (large  mode  amplitudes)  may  be  obtained  without  the  beam 
Striking  the  circuit  since  the  beam  displacement  is  perpendicular  to 
the  circuit  field.  This  will  be  important  later  when  we  discuss  seme  *  ‘ 

particular  devices.  * 

In  the  case  of  a  general  output  coupler  8^(0)  and  aj^(O)  will  not 
be  zero  while  8^(0)  will  be  zero,  giving  rise  to  more  complex  expressions 
than  before.  It  is  evident  from  the  first  part  of  (2.33)  that,  in  order 
to  maximize  the  transfer  of  energy  to  the  circuit,  the  entrance  conditions 
should  be  such  that  • 


•  a^(0)  =  -  a2^(0). 

This  means  that  th^  transverse  beam  velocity  at  the  entrance  plane  is 
parallel  to  the  electric  field  supported  by  the  circuit  as  shown  in  Fig. 
2.6b.  The  current  induced  in  the  circuit  may  be  calculated  from  £q.  (2.19), 
and  it  is  indeed  maximum  for  the  above  entrance  conditions.  Assuming  these 
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FIG.  2.4— Plot  of  the 


t 


Circuit 


Electric 
Field  ' 


-  Beam  Excursion 


FIG.  2. 6a- -The  heam  excursion  in  a  linearly  polarized  synchronoiis  vave 
input  coupler.  The  solid  line  shows  the  trace  of  the  beam  as 
it  would  appear  on  a  screen  In  a  fixed  plane. 


Caircuit 


FIG.  2. 6b- -The  beam  excursion  for  the  output  synchronous  wave  coupler  at 
the  entrance  plane.  The  transverse  motion  of  the  beam  Is 
toward  the  circuit  so  as  to  Induce  the  maximum  current. 


I 
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entrance  conditions,  the  wave  amplitudes  are,  in  the  case  of  a  forward 
circuit  wave,  » 


ao(z) 


13(0)  (J  /2  Mj  Kz) 


a^Cz)  =  a^Co)  (1  -  ^  K^z^) 


(2.38) 


ai,(z)  =  -  a  (0)  (1  +  —  K^z^) 
^  ^  2 


A  plot  of  the  normalized  power  carried  by  each  wave,  as  a  function  of 
the  axial  distance,  z  ,  is  computed  from  these  amplitudes  and  shown 
in  Fig.  2.7*  Note  that  there  is  a  critical  length  at  which  there  is  only 
negative  energy  wave  excitation  on  the  beam.  Beyond  this,  both  waves  grow 
qxiadratically  with  distance.  The  circuit  power  grows  quadratically  from 
the  input.  In  Chapter  VII  we  will  discuss  experimental  (^rcuits  which 
have  coupling  coefficients  of  the  order  k/P^  =  0.1  ,  so  that  the  Kz 
scale  in  I^.g.  2.7  would  typically  be  0.6N  where  N  is  the  number  of 
wavelengths  in  the  coupler.  The  circuit  power  may  thus  become  much 
larger  than  the  input  beam  wave  powers  in  reaaon^le  distances. 

The  bandwidth  of  this  class  of  couplers  cannot  be  calculated  simply 
since  both  deviation  in  propagation  constants  and  impedance  variations 
give  rise  to  a  frequency  dependence  of  the  wave  excitation.  It  is 
necessary  to  have  these  characteristics  for  the  actual  circuit  under  • 
consideration.  The  reduction  in  coupling  due  to  velocity  errors  is 
expressed  by  (2.3^)  and  (2.35).  The  dependence  upon  interaction  Impedance 
appears  in  the  coupling  coefficient  in  Eqs.  (2.33).  U^tially,  it  will  be 
the  first  factor  which  is  most  important.  Generetlly,  it  is  found  that  the 
bandwidth  of  practical  synchronous  wave  couplers  is  about  the  same  as 
that  of  the  cyclotron  wave  coupler  described  in  the  last  section. 

One  pfactical  aspect  of  the  type  of  coupler  considered  in  this 
section  is  that  an  input  coupler  must  be  terminated  in  a  well-matched 
load.  In  the  ceise*of  the  one-wave  couplers  described  in  the  previous 
section,  the  pover  is  transferred  from  the  circuit  to  the  beam  and  there 
is  a  length  for  which  complete  transfer  takes  place,  ^wever,  (2.33) 
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shows  that  the  circuit  wave  on  an  Input  coupler  considered  In  this  section 
has  a  constant  amplitude  throughout  the  coupler  length  and  must  therefore 
he  dlsslpate'd  In  a  load  at  the  end  of  the  coupler. 


CHAPTER  III 


« 

RESONANT  COUPLERS 

•  • 

The  traveling-wave  couplers  considered  in  the  previous  chapter  tend 
to  be  quite  long,  if  optimum  coupli^  is  achieved,  and  it  is  therefore 
worth  considering  the  exchange  of  bemdwidth  for  length  by  employing 
traveling-wave  circuits  which  have  been  shorted  to  make  resonant  couplers. 
It  is  also  true  that  inferesting  circuit  interactions  which  are  not  found 
in  traveling-wave  circuits  are  obtained  with  resonant  circuits. 

The  resonant  cavities  considered  in  this  chapter  are  made  by  placing 
shorting  planes  an  even  number  of  half -wavelengths  apart  on  a  genereG. 

periodic  traveling-wave  circuit  which  supports  a  transverse  electric 

•  • 

field.  The  coupled  mode  equations  described  in  Section  II. A  may  be  used 
to  describe  the  Interaction  phenomena  just  as  before.  In  this  case  the 
field  is  broken  down  into  its  forward  and  reverse  propagating  wave  com¬ 
ponents  in  order  to  fit  into  the  coupled  mode  approach.  In  the  first 
^  section  of  this  chapter  we  calculate  the  beam  wave  amplitude  resulting 
from  an  assumed  cavity  field.  The  calculation  is  not  complete  until  the 
circuit  field  is  found  from  the  power  exchanged  between  the  beam  and 
the  external  cavity  load.  The  next  three  sections  of  this  chapter  con¬ 
sider  this  half  of  the  analysis  for  the  different  synchronization  condi- 
•  tl^ns.  A  comparison  of  the  characteristics  of  resonant  and  ti%vellng-wave 
couplers  is  given  in  the  final  section. 


A.  CALCULATION  OF  WAVE  AMPLITUDES 

The  procedure  followed  here  is  the  usual  one  in  which  two  constant- 
amplitude  counter-propagating  circuit  waves  are  assumed  and  the  beam 
waves  resulting  from  this  field  are  calculated.  Beca\ise  of  the  ccxistant 
amplitudes  of  one  circuit  fields  the  last  of  Eqs.  (2.l6)  is  not  required. 
The  coupled  mode  equations  are  sloiply 


SAi  , 

—  +  JS^A^  .  JKf^Ao 
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and 


— ^  -  JKf.  Aq 

dz 

+  JPgA^  »  jKf^  Aq 


Sa.  ^ 

—  +  •  (3.1) 


The  tvo  propagating  wave?  which  make  up  the  resonant  field  configuration 
must  be  of  equal  amplitude  to  satisfy  the  boundary^ conditions  at  the 
shorting  planes.  Choosing  one  shorting  plane  (the  entrance  to  the  cavity) 


to  be  at  z 


the  circuit  mode  A_  is  written 


["0 


-JPq^ 


-  Sq  e 


•  • 


Jcot 


(3.2) 


If  the  cavity  field  requires  space-harmonics  for  its  representation 
there  will  be  similar  terms  for  each  space -harmonic.  Usually  only  one 
will  be  of  importance  due  to  the  synchronism  conditions.  However,  super¬ 
position  holds  here  and  the  calculations  described  in  the  following 
sections  may  be  carried  out  for  each  space-harmonic  and  the  results  com¬ 
bined  to  give  the  complete  solution  as  described  at  the  end  of  this 
section.  It  is  evident  that  the  solution  of  any  one  of  (3.1)  will  be 
the  same  as  the  others.  The  difference  between  the  veurious  Interaction 
schemes  will  come  out  in  the  later  sections  of  this  chapter  when  we 
consider  the  power  relations 

The  equation  that  is  to  be  solved  is 


dA 

—  +  JP^A^  “  JKfAQ  ,  (3.3) 
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along  vlth  the  expression  for  as  given  hy  (3>S).  In  the  above 
expression  ve  have  dropped  'tiie  subscript  on  the  polarization  factor  and 
f  represents  f^  or  f_  In  agreement  with  the  polarization  of  the 
wave  indicated  by  the  subscript  1  .  The  perturbed  beam  mode  aag>lltude 

is  assumed  to  vary  as 


J(a>t  -  P  z) 

=  aj^(z)  e  .  (3.M 


Just  as  in  the  previous  chapter,  no  generality  has  been  lost  by  assuming 
this  specific  form  since  the  arbitrary  z  variation  of  a^  still  allows 
a  modification  of  the  propagation  constant.  "By  substituting  (3.^)  Into 
(3*3)  we  obtain  a  simple  differential  equation  for  &^{z)  which  may  be 
Integrated  Immediately  to  yield 

a^('t)  .  a^(0)  +  a^CjM^fSt)  ,  (3.5) 

where  -t  is  the  coupler  length. 


(3.6) 


and  A  =  Pq  -  .  The  first  term  in  (the  subscript  is  to  separate 

it  from  the  similar  coefficients  fovuad  in  Chapter  III)  represents  coupling 
to  the  forward  wave  and  the  second  represents  coupling  to  the  reverse 
wave  on  the  circuit.  The  coefficient  can  be  put  In  a  more  useful 
form  by  defining  the  fractioneLl  velocity  deviation  from  synchronism  to 
be 


e  ■ 


(3.7) 
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where  Vq  is  the  phase  velocity  of  the  traveling  wave  circuit  which 
has  been  shorted  to  make  the  cavity  and  v.  is  the  phase  velocity  of  the 
beam  wave.  Then,  noting  that  a  resonant  cavity  is  an  integral  number  of 
half  wavelengths  long,  *  nn  ,  and  we  finally  obtain  the  expression 


-Jnn€ 


=  e 


sin 


nne 


1  1  nne 

2  2 


In  this  notation  Eq.  (3.5)  is  conveniently  written  as 


(3.8) 


+  i  (f  ^nn  a^  .  (3.5a) 

A  plot  of  Im^I^  ,  which  shows  how  the  coupling  depends  upon  synchronism 
between  the  beam  wave  and  circuit  wave  phase  velocities,  is  shown  in 
Fig.  3.1.  The  asymmetry  in  the  curves  is  due  to  the  interaction  with 
the  backward  propagating  wave  in  the  cavity.  The  effect  of  this  wave 
is  quite  noticeable  for  short  cavities.  For  longer  cavities  the  inter¬ 
action  no  longer  Involves  the  reverse  wave  to  any  great  extent.  These 

results  are  similar  to  those  obtained  for  longitudinal  wave  coupling  in 

25 

resonant  slow-wave  structures  by  Vessel -Berg,  except  that  the  coefficient 

has  a  slightly  different  form  in  that  case. 

Having  derived  (3-5)  and  (3.6),  which  are  valid  for  any  of  the  four 
beam  waves  (the  correct  polarization  coefficient  must  be*used),  the  next 
step  is  to  calculate  the  power  exchange  between  the  beam  euid  the  circuit 
and,  taking  into  accoxint  the  losses  in  the  cavity  a.nd  the  external  load, 
to  calculate  the  power  which  the  external  circuitry  must  supply  to  or 
receive  from  the  cavity.  The  nature  of  these  considerations  depends  upon 
which  beam  wave  is  in  synchronism  with  the  forward  propagating  wave  in 
the  cavity.  The  next  sections  are  devoted  to  these  calculations  for  the 
various  synchronism  conditions.  Although  only  those  waves  which  are 
near  synchronism  with  the  circuit  are  considered,  this  does  not  place  a 
restriction  on  the  validity  of  the  analysis  since  tjie  couplers  are  described 
by  linear  equations.  This  means  that  the  beam  admittsmces  found  for  each 
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wave  may  be  added  to  give  the  total  beam  admittance  If  necesaary.  This 
will  usually  not  be  required  since  most  couplers  are  long  enough  to  make 
the  modulation  coefficient  small  except  for  the  wave  In  question. 

The  results  that  have  been  obtained  above,  and  the  relations  derived 
from  them  In  the  next  sections,  can  also  be  used  If  more  than  one  space- 
harmonic  of  the  circuit  field  couples  to  one  of  |jhe  beam  waves.  This 
can  be  seen  by  returning  to  (2.5).  For  example,  by  writing  velocity  « 

components  in  (2.5)  in  the  same  way  as  (2.31),  we  obtain  expressions  such 
as 


v^  =  v^  e 


-jOe  + 


where  the  solution  for  v_^  is 


•  ^ 


-e  -v 


+J0g  +  • 

e  dz 


0  0 


Then  if  is  composed  of  space-harmonics  we  can  intercheujge  the  order 
of  Integration  and  summation  to  obtain 


e  1 


all  n  '^0  0 


+J0-  +  Pjz 

e  ®  ^  dz 

+n 


e 


Thus,  the  total  excitation  of  a  particular  beam  mode  can  be  represented 
as  the  sum  of  the  excitations  due  to  each  space-harmonic.  Finally,  to 
apply  these  results  to  the  present  situation,  the  second  term  in  (3*5) 
should  be  replaced  by  a  sum  of  terms  like 


•0  ’ 

all  n 
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vhere  is  the  coupling  coefficient  for  each  space  heamonic  and 
is  the  corresponding  coupler  modulation  coefficient.  In  general  the 
results  that  have  been  derived  In  this  chapter  are  made  valid  for  Inter¬ 
action  with  a  number  of  space  harmonics  by  replacing  KM^  by 

^n**3n  vsurlous  equations. 

all  n 

B.  PASSIVE  COUPLING  TO  ONE  WAVE 

The  term  "passive  coupling"  means  the  circuit  Is  coupled  to  a  positive 
energy  beam  wave.  In  this  section  we  consider  the  synchronization  con¬ 
ditions  which  bring  about  strong  coupling  to  the  positive  energy  cyclo¬ 
tron  or  synchronous  wave.  Couplers  of  this  type  are  important  because 
of  their  application  as  the  input  and  output  couplers  in  parametric 
an^llflers  employing  the  positive  energy  transverse  waves.  To  couple 
strongly  to  the  cyclotron  wave,  the  circuit  propagation  constant  should 
nearly  satisfy  the  condition  "  ^c  polarization  coef¬ 

ficient  f_  should  be  nonzero.  That  is,  the  circuit  must  have  a  negative, 
circularly  polarized  field  component.  In  order  to  couple  strongly  to 

the  synchronous  wave  the  condition  =  P  should  be  satisfied  and  the 

u  e 

circxxit  should  have  only  a  positively  polarized  field  component.  Since 
the  two  synchronous  waves  have  the  same  propagation  constant,  a  negatively 
polarized  field  component  would  result  in  the  active  coupling  situation 
which  will  be  considered  in  the  next  section. 

The  coiiq)lex  power  delivered  by  the  beam  to  the  circuit  may  be 
con5)uted  from 


* 


dz 


(3.9) 


where  V  is  the  circuit  voltage  of  (2.13)  and  J  is  the  current  per 
unit  length  induced  in  the  circuit.  The  Induced  ciirrent  is,  from  (2.19), 


J 


+J 


Dtoc 


f*a. 


j(a)t  -  P^z) 


(3.10) 
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vhere  is  either  the  positive  energjy  cyclotron  or  synchronous  wave 
amplitude  (eig  or  a^)  ,  is  the  appropriate  propagation  constant, 

and  f  is  f_  or  ,  respectively.  Prom  (3.2)  and  (2.13)  the  cir¬ 
cuit  voltage  is 


V  =n/^  -  e  *^^0^  j  .  (3.II) 

( 

To  eliminate  D  from  the  power  expression  we  combine  (2.9),  (2.10),  and 
(2.18)  and  the  definition  of  the  circuit  impedance  Z*  to  obtain  * 


(3.12) 


Finally,  using 


(3.13) 


and  Eqs.  (2.l4),  (2.17),  and  (3*5)>  we  obtain 


'+JV  -JV' 

+J2f^« 

a*a^(0)  -  JfaQa5M2(z)Kz 

fe  °  -  e  ° 

(3.14) 


Note  that  this  is  a  point  statement  and  is  a  function  of  z  , 

requiring  the  use  of  (3*6)  with  z  replacing  ^  ,  rather  than  (3.8). 
The  complex  power  given  up  to  a  resonant  coupler  njt  radians  long  is 
found  by  integrating  (3.14): 


£  =  +j2f*  M^«a*aj 


1  -  e  -  m: 


€(2  -  e) 


Vo 


(3.15) 


-  36  - 


where  e  Is  defined  by  Eq.  (3*7) •  The  real  part  of  this  expression  should 
be  the  negative  of  the  power  gained  by  the  fast  cyclotron  wave  In  the 
coupler.  From  (3.5a')^we  see  that 


which  Is  the  required  result.  If  the  only  purposeeof  the  above  calculation 
was  to  compute  the  real  power  exchanged,  the  wave  amplitude  could  have  been 
squared  Immediately  and  a  lot  of  effort  would  have  been  saved.  However, 
by  using  the  expression  for  complex  power  we  will  be  able  to  discuss  the 
effects  of  beam  loading  on  the  coupler  operation. 

An  electronic  admittance  may  be  defined  in  terms  of  the  complex  power 
absorbed  by  the  beam  and  the  voltage  of  the  forward  circuit  wave. 


p  =  -  V 

~beam  2  c  c  b 


(3.16) 


where  the  circuit  voltage  is  the  complex  amplitude  of  the  traveling-wave 
voltage.  From  (2.13)  we  have 

’o  ■  ■  ,  •  (3-17) 

By  substituting  the  negative  of  the  power  absorbed  by  the  circuit  from  (J.15), 
we  have  the  ratio  of  the  admittance  presented  to  the  coupler  cavity  by  the 
beam  to  the  characteristic  admittance  of  the  unshorted  traveling-wave 
circuit ;  •  * 


K 


-  J2f*  —  nnM* 

O  *  ^ 


+ 


(3.18) 
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This  expression  is  particularly  simple  in  the  case  of  an  input  coupler 
since  the  initial  wave  an5)lltucle  is  zero.  Then  the  electronic  admittance 
is  determined  by  the  second  tenn  in  (3-l8).  This  is  referred  to  as  the 
electronic  admittance,  and  its  normalized  conductance  and  susceptance  are: 


and 


e 


(nnf  (3.19) 

/K  N  2  ^  • 


where 


M, 


^3!' 


njte 


1  -  e 


cot 


nne 

2 


t/2) 


(3.21) 


A  plot  of  \}^\^  was  given  in  Fig.  3.1  and  is*8hown  in  Fig.  3.2. 

The  beam  susceptance,  b  ,  is  not  zero  at  synchronism  due  to  the  inter- 

e 

action  with  the  reverse  circuit  wave.  The  ratio  of  the  beeun  susceptance 
to  conductance  at  synchronism  is 


b 

e 


g 


e 


3 

nn 


(3.22) 


For  couplers  of  usual  length  the  electronic  susceptance  at  synchronism 

will  be  much  smaller  than  the  conductance.  By  comparing  the  curves  in 

Fl^s.  3.1  and  3-2  we  see  that  it  is  distinctly  advanta^ous  to  operate 

short  resonant  couplers  off  of  synchronism.  The  value  of  c  which  yields 

maximum  conductance  also  reduces  the  susceptance  to  essentially  zero. 

9 

For  example,  a  one-half  wavelength  long  cavity  designed  to  couple  optimally 
to  the  fast  cyclotron  wave  should  have  €  =  1.0  .  From  (3.7)  it  is 

obvious  that  this  requires  the  cyclotron  wave  to  have  infinite  phase 
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FIG.  3.2  —  A  plot  of  the  coupler  modulation  coefficient  Mj^  . 

showing  the  relative  magnitude  of  the  reactive 
component  of  the  beuu  admittance. 


velocity,  that  is,  should  be  unity.  This  interesting  result  shows 

that  the  beam  conductance  in  a  half -wavelength  coupler  is  maximum,  and 
Independent  of  the  circuit  phase  velocity,  for  ■  1  •  Also’,  we  see 

that  the  susceptance  is  zero  in  this  situation.  This  example  is  valid 
only  when  the  circuit  phase  velocity  is  such  that  the  coupling  to  the 
other  transverse  waves  is  negligible;  otherwise  there  will  be  other 
contributions  to  the  admittance. 

The  above  results  give  the  effects  of  the  loading  of  the  input  coupler 
by  the  beam,  and  show  the  dependence  on  the  fractional  velocity  error  € 
Another  formulation  of  this  problem  is  to  determine  the  Q  of  the  cavity 
loaded  by  the  beam.  In  order  to  do  this  we  calculate  the  power  which 
must  be  supplied  to  the  lossy  coupler  in  order  to  sustain  fields  of  a 
given  amplitude.  Since  ja^l  represents  the  power  carried  in  either 
the  forward  or  reverse  propagating  circuit  waves,  we  find  from  the  definition 
of  the  Q  of  a  cavity  that 
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ckt 


where  v  is  the  group  velocity  of  the  shorted  transmission  ^'orming  the 
resonant  cavity,  ^  is  the  length  of  the  cavity,  and  is  the  power 

dissipated  in  the  cavity  losses.  The  is  tSen  the  unloaded  Q  of 

the  coupler  cavity.  Using  the  definition  of  the  circuit  propagation 
constant,  the  power  lost  to  a  coupler  which  is  n«  radians  long  is 
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where  v^  is  the  phase  velocity  of  the  traveling-wave  circuit.  The  power 
delivered  to  the  beam  in  the  coupler  is  the  real  part  of  (3.15)  with 
a2(0)  *  0  ,  or  it  may  be  obtained  from  (3.17)  and  (3.19),: 

’’be..  -  |.ol^  ■  (3.25) 
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Then,  using 
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the  Q  of  the  cavity  loaded  by  the  beam  only,  ,  is  found  to  be 
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This  shows  that  is  Inversely  proportional  to  the  length  of  the  cavity. 

On  the  other  hand,  does  not  depend  on  the  length  of  the  cavity,  so 


Hence,  the  ratio  of  the  power  lost  in  the  cavity  to  that  which  goes  into 
the  beam  inqreases  linearly  with  distance.  The  bandwidth  of  the  coupler 
is  simply  the  Inverse  of  the  Q  : 


1111 
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where  is  the  Q  of  the  cavity  loauied  by  the  external  circuit. 

The  gain  of  the  coupler,  defined  to  be  the  ratio  of  the  beam  output 
power  to  the  input  power  to  the  cavity,  is 


'in 


(3.29) 
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The  discussion  up  to  this  point  has  dealt  with  the  application  of 
Bq.  (3*18)  to  the  study  of  an  Input  coupler.  That  lS|  we  neglected  the 
first  term  which  represents  the  Initial  beam  excitation.  We  now  consider 
tbe  case  of  an  output  coupler  In  which  this  driving  term  Is  not  zero.  To 
aid  In  the  Interpretation  of  (3*l8)  the  equivalent  circuit  of  Fig.  3*3  is 
shown.  All  of  the  admittances  appear  In  parallel  at  the  terminals  across 
which  the  voltage  appears.  The  term  In  the  beam  admittance  that 
represents  Initial  excitation  has  been  separated  off  and  Is  called  : 
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The  remaining  portion,  Y^  ,  represents  power  absorbed  by  the  beam  and 
Is  given  by  Eqs.  (3-19)  and  (3.20).  As  shown  in  Fig.  3*3)  the  driving 
admittance  can  be  interpreted  as  a  constant  signal  generator.  The  driving 
current  Is 
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and  by  using  (3.17)j  ve  have 
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The  wave  amplitude  excited  on  the  circuit  by  this  current  is 
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FIG.  3 • 3" "Equivalent  circuits  for  a  resonant  output  coupler 


vhere 


(3.35) 


The  real  power  which  is  given  up  to  the  load  admittance  is 


■“l  ■  ■  V5%,  • 


(3.36) 


By  substituting  (3-32)  in  (3-3^)  we  obtain 


P-  -  4  f  —  (n#)M.,  - - 3* - 


In  order  to  transfer  maximum  power  to  the  loeui  the  loeul  admittance  should 
be  the  complex  conjugate  of  the  electronic  admittance.  If  this  is  the 
case,  (3.19)  and  (3.37)  yield 


=  |a^(0)r  , 


(3.38) 


which  is  Just  the  initial  power  on  the  fast  cyclotron  wave.  Of  course, 
the  load  admittance  is  made  up  of  the  cavity  sind  external  admittances. 
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(3.39) 


so  that  the  actual  power  to  the  external  load  under  these  optimum  conditions 
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which  nay  he  written 


(3.41) 


where  Is  the  ratio  of  the  power  delivered  to  the  extemail  load  to 

the  Input  power  on  the  beam,  emd  Is  the  Q  of  the  cavity  loaded 

by  the  external  load  conductance.  The  beuadvldth  of  the  output  cavity 
assuming  constant  driving  current  Is  given  by  (3.28). 

The  above  results  have  been  kept  general  In  the  sense  that  they  are 
valid  for  either  positive  energy  cyclotron  or  synchronous  wave  couplers. 
To  obtain  the  desired  characteristics  for  one  of  the  couplers  It  is  only 
necessary  to  employ  the  appropriate  propagation  constant  and  polarization 
factor.  It  should  be  noted  however,  that,  while  a  linearly  poleurlzed 
coupler  for  the  fast  cyclotron  wave  obeys  these  elquatlons,  another  set  of 
equations  must  be  used  If  a  linearly  polarized  synchronous  wave  coupler 
Is  to  be  considered.  This  is  considered  In  the  next  section. 

C.  COUPLING  TO  THE  TWO  SINCHROHOUS  WAVES 

Because  the  two  synchronous  waves  have  the  same  phase  velocity,  but 
opposite  polarization.  It  Is  possible  to  couple  equally  to  them  by  the 
simple  expedient  of  using  a  linearly  polarized  coupler.  Such  a  situation 
was  considered  for  a  traveling-wave  coupler  in  the  previous  chapter  euid 
now  we  consider  the  case  of  a  resonant  coupler. 

In  a  linearly  polarized  coupler,  polarized  In  the  x  direction, 
f_j_  ■  f _  ■  l//^  and  the  synchronous  waves  excited  In  such  a  coupler  are 
given  by  Eq.  (3.3)  or  (3.3a).  The  circuit  should  have  a  propagation 
constant  approximately  equal  to  to  yield  strong  coupling.  For 
the  posltl'^  energy  wave  f^  Is  used,  emd  for  the  negative  energy  wave 
f_  Is  used.  Then 

a^C-t)  -  a2(0)  +  Jf+MjKtaQ 

•  a^^C-t)  -  a^(0)  +  , 
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(3.42) 


and  it  Is  oT)vlous  that  if  ■  f-r  ,  the  two  waves  are  excited  eqiially. 

If  the  circuit  is  elliptically  rather  than  linearly  polarized,  one  wave 
will  be  excited  more  strongly  than  the  other.  The  complex  power  delivered 
by  the  beam  to  the  circuit  is  congputed  from  Eq.  (3.9)  ^  before.  The 
induced  current  per  unit  length  in  the  circuit  is  obtained  from  (2.19)  and 
is,  for  this  case, 
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Sy  using  exactly  the  same  steps  outlined  from  Eqs.  (3.11)  to  (3.1?)  we 
obtain  the  expression  for  the  power  exchanged  in  a  coupler  which  is  nx 
radians  long: 
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Upon  comparing  this  with  (3.15)  we  see  that  each  beam  wave  gives  a  power 
contribution  of  the  same  form  as  if  it  alone  were  present  (there  is  a  minus 
sign  with  the  expression  involving  the  negative  energy  wave).  This  is  a 
consequence  of  the  initial  assumption  of  a  linear  system.  While  (3.41+) 
is  general,  and  even  contains  (3-15)  as  a  special  case,  we  now  restrict 
our  Interest  to  the  linearly  polarized  case.  When  f ^  »  f  =  I//2'  , 
we  have  from  (3.44) 
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The  beam  admittance  presented  to  the  circuit  may  he  calculated  in  the  same 
way  as  was  (3*18),  yielding 
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This  expression  Just  represents  a  current  generator  due  to  the  input  signal 
on  the  beam.  There  is  no  electronic  loading  and  therefore  the  bandwidth  of 
this  type  of  coupler  Is  determined  by  the  cavity  losses  and  the  external 
circuit. 

In  the  case  of  an  input  coupler  in  which  there  is  no  excitation  of 
either  wave  at  the  input  to  the  coupler,  the  wave  anrplltudes  grow  as 
predicted  by  (3.42)  without  loading  the  circuit.  In  the  design  of  such 
a  coupler  the  input  matching  and  bandwidth  are  determined  by  the  cold 
cavity.  Equation  (3.24)  is  valid  in  this  case  euod  substitution  into  (3-42) 
yields  the  wave  amplitudes  excited  In  the  linearly  polarized  input  coupler 
in  terms  of  the  Input  power  to  the  circuit; 

1  K  /  %  1/2 

a,  =  a.  =  J-M-—  nxQ  p'  ,  (3.4?) 

=  ^0  I  ''p  ] 

where  we  have  chosen  the  phase  of  a^  to  be  zero.  If  the  power  "gain" 
of  an  Input  coupler  Is  defined  as  the  ratio  of  the  output  power  on  the 
positive  energy  beam  wave  to  the  input  power  to  the  cavity,  we  have 


(3.48) 


The  gain  Is  linearly  proportional  to  the  length  of  the  cavity,  and  may  be 
greater  than  unity. 

When  there  Is  Initial  excitation  on  the  beam,  such  as  would  be  the 
case  in  an  output  coupler,  the  beam  admittance  given  in  (3.46)  may  not  be 
zero.  Just  as  in  Eqs.  (3*31)  emd  (3*32),  the  beam  excitation  may  be 
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represented  'by  a  constcmt  current  generator 
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This  current  causes  a  voltage  across  the  electronic  and  loeul  eidmlttances. 
Corresponding  to  (3.34),  the  wave  an^jlltudes  excited  In  the  cavity  are: 
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The  power  which  Is  given  up  to  the  external  load  admittance  Is  easily 
found  from  (3*36),  (3.39)  and  (3.50): 
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Note  that  there  Is  no  difference  In  the  power  exchange  In  the  case  of  only 
a  positive  or  negative  energy  wave  at  the  entrance  plane.  The  mEOclmum 
power  Is  transferred  when  the  total  load  admittance  Is  real  and 
Q^xt/^0  *  ^  (3.46)  shows  that  the  optimum  entrance  conditions 

are  attained  when  a3(0)  and  aj^(o)  have  opposite  signs. 

A  particularly  Interesting  case  arises  when  a3(0)  ■  -  a|^(0)  .  This 

Is  the  same  entrance  condition  that  Is  shown  In  Fig.  2.6h,  and  Fig.  2.6a 
shows  that  this  Is  the  beam  excitation  provided  by  a  linearly  polarized 
coupler  whose  pleme  of  polarization  Is  rotated  by  an  angle  of  90°  with 
respect  to  the  present  coupler.  If  the  gain  of  the  output  coupler  Is 
defined  to  be  the  ratio  of  the  output  power  to  the  Initial  Input  power 
on  one  of  the  equal  amplitude  synchronous  waves,  It  Is  foimd  that 
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where  6^  Is  the  aiagle  between  the  initial  polarization  of  the  beam  and 
the  plane  of  polarization  of  the  circuit.  It  has  been  assumed  that  the 
loaded  coupler  is  resonant  at  the  signal  frequency  so  that 
unity.  The  gain  is  linearly  proportional  to  the  length  of  the  cavity 
and,  Just  as  in  (3.^)>  it  vaay  be  greater  than  unity. 

It  is  appeurent  that  an  amplifier  could  be  made  by  using  two  linearly 
polarized  synchronous  wave  couplers.  The  input  coupler  should  be  rotated 
by  90°  with  respect  to  the  output  coupler  so  that  6q  in  (3*52)  is  zero. 
The  gain  of  the  two  couplers  is  the  product  of  (3***6)  and  (3*52).  This 
device,  which  is  shown  in  Fig.  3-^,  is  a  synchronous  wave  analog  of  the 
extended  Inberaction  klystron.  Wessel-Berg  noted  the  feasibility  of  this 
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synchronous -wave  klystron  earlier  ’  and  pointed  out  that  it  has  several 
advantages  over  the  usual  extended  interaction  klystron.  In  particular, 
it  should  not  suffer  from  the  oscillations  that  arise  in  the  usual  case 
when  the  length  of  the  cavities  is  Increased  in  order  to  obtain  large 
values  for  the  gain.  This  is  a  result  of  the  fact  that  the  beam  loading 
Is  zero,  as  was  shown  in  (3*^).  The  calculations  given  by  Wessel-Berg 
in  the  above  reference  are  more  general  than  those  presented  hesre,  but 
they  are  concerned  with  the  electronic  equations  only  and  the  gain  of 
the  lUystron  was  not  obtained.  The  gain  has  been  obtained  explicitly 
here  in  the  form  of  Eqs.  (3.^)  and  (3.52). 

For  purposes  of  calculating  the  beam  excursion  in  order  to  determine 
when  saturation  will  take  place,  it  is  necessary  to  have  the  expressions 
for  the  synchronous  wave  amplitudes  on  the  beam.  Substituting  (3*50)  into 
(3.^2)  gives 


^  A 

f'K  \ 

*  a3(0)  - 

«3 

—  [a,(0)  -  aJo)] 

i^oJ 

^4(0) 


%(o) 


ia3(0) 


-  ai^(O)] 


(3.53) 


where  6  -  ^^z  is  the  axial  distance  in  radians  from  the  entrance  plane. 
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D.  ACTIVE  COUFLIHO  TO  OHB  WAVE 

The  last  case  of  Interest  In  the  study  of  resonant  couplers  is  the 
synchronization  condition  which  leads  to  strong  interaction  with  one  of 
the  two  negative  energy  waves.  This  condition  is  important  since  it  can 
result  in  the  transverse  wave  equivalent  of  the  space-charge  wave  nonotron. 
The  synchronization  conditions  are:  Pq  "  ^e  *  ^e  alow  cyclotron 

wave  interaction,  and  *  P  for  the  negative  energy  synchronous  wave 
interaction.  In  the  cyclotron  wave  case  the  circuit  can  he  linearly  or 
circularly  polarized  (f^  O)  ,  while  in  the  dyn^chronous  wave  case  the 
coupler  circuit  must  be  circularly  polarized  (f  O)  since  a  linearly 
polarized  circuit  with  p^  «  P^  leads  to  the  type  of  interaction  considered 
in  the  last  section. 

The  notation  used  here  is  the  same  as  before:  the  amplitude  a^  is 
used  to  denote  one  of  the  negative  energy  waves,  a^  or  a^^  ,  and  the 
polarization  coefficient  f  is  f^  when  a^  is  considered  emd  f 
for  .  The  current  induced  in  the  circuit  due  to  wave  excitation 
on  the  beam  is,  from  (2.19), 
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By  using  exactly  the  same  steps  outlined  in  Section  III.B,  we  obtain  the 
expression  for  the  complex  power  exchanged  in  a  coupler  which  is  nx 
radians  long: 
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The  coefficient  is  eveduated  for  the  p^  under  consideration.  The 
admittance  presented  by  the  beam  to  the  circuit  is  calculated  in  the  scuse 
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manner  as  (3.l8),  yielding 
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Note  that  this  Is  Just  the  negative  of  (3.lS)  which  Is  the  admittance  for 
positive  energy  wave  Interactions. 

In  the  case  of  a  beam  with  no  excitation  entering  a  cavity  the  first 
term  in  (3.56)  is  zero  and  the  electronic  conductance  and  susceptance  are: 
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where  is  given  by  (3.2l).  The  negative  conductemce  means  that  power 
is  given  up  to  the  circuit  in  the  interaction  region.  The  Q  of  the 
cavity  loaded  by  the  beam  only  Is  defined  as  in  (3.26)  and  in  this  case 
we  obtain 


Note  that  is  a  negative  qxiantity  due  to  the  negative  conductance. 

This  results  in  a  decrease  of  the  bandwidth  below  that  determined  by  the 
losses  of  the  cavity  and  external  circuit.  The  gain  of  the  input  coupler 
is  given  by  (3.29): 
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and  we  see  that  It  la  greater  than  unity.  Althc^igh  (3«60)  becomes  infinite 
at  ■  -  1  ,  this  is  not  vhere  oscillation  sets  in  since  the  external 

circuit  loading  vas  not  included  in  the  definition  of  gain.  Oscillation 
starts  when 


-  1  . 


(3.61) 


where  is  the  loaded  Q  of  the  cavity.  At  this  point  the  negative 
energy  on  the  beam  at  the  exit  plane  of  the  cavity  is  Just  equal  to  the 
po^r  dissipated  in  the  cavity  and  its  load  due  to  the  assumed  fields. 

By  combining  (3.59)>  (3.6l)  auid  (2.17)>  we  obtain  the  expression  for  the 
beeun  conductance  required  to  start  oscillation: 


(3.62) 


9 

If  a  signal  is  on  the  beam  initially,  it  can  be  represented  by  a  constant 
current  generator  driving  the  cavity.  The  driving  current  is  derived 
from  the  first  term  of  (3.56)  Just  as  in  Bqs.  (3.31)  and  (3.32); 
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The  wave  8uiq>lltudes  induced  in  the  cavity  are  found  in  the  same  way  as 
in  the  previous  cases: 


+  J2f*  xaOlt* 


a^(0) 


(3.64) 


-  53  - 


The  power  to  the  load  Is  exactly  the  same  as  (3*37)  where  we  now  use  the 
negative  admittances  In  (3.37)  and  (3.38).  These  expressions  are  valid 
only  If  Is  greater  than  g^  Otherwise,  the  system  oscillates  as 
described  for  the  case  with  sero  Inltled  excitation  emd  the  energy 
conservation  statements  Implicit  In  the  derivation  of  (3.84)  eure  violated 
In  the  linear  system. 

E.  COMPARISON  WITH  TRAVELING -WAVE  COUPLERS 

It  was  stated  at  the  beginning  of  this  chapter  that  one  of  the 
Inportant  reasons  for  Interest  In  resonant  couplers  Is  that  circuit  length 
required  for  a  given  gain  Is  less  than  It  Is  In  the  case  of  the  traveling- 
wave  couplers.  This  is  sui  Important  factor  because  of  the  difficulty  of 
focusing  the  electron  beam  for  large  distances.  The  purpose  of  this 
section  Is  to  compare  the  length  and  bandwidth  of  some  typical  traveling- 
wave  and  resonant  couplers. 

The  optimum  length  of  a  traveling-wave  coupler  that  excites  one  of 
the  positive  energy  waves  Is  given  by  (2.26).  This  can  be  written  in 
terms  of  the  circuit  length  In  radians  as 

9  .  -  — ^  . 
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The  gain  of  the  coupler  Is  unity  in  this  case.  In  order  to  make  a  resonant 
coupler  with  unity  gain  It  Is  necessary  to  have  Q^/Qq  zero.  This 
is  not  practical,  but  ®  0*1  would  give  a  gain  of  O.9I  which  Is 

close  enough  to  unity  for  comparison  purposes.  In  that  case  (3.27)  gives, 
at  synchronism. 


nx 


Typical  values  for  linearly  polarized  circuits  described  In  Chapter  VII 
are:  •  1000  ,  Ii^Pq)  “  »  and  a  v ^/v^  of  about  two.  The 


ratio  of  the  length  of  a  travellng-vave  eo\;vler  to  a  resonant  coupler, 
each  having  unity  gain,  is  approxinately  three.  Thua,  while  the  ^-band 
traveling-wave  coupler  described  in  Chapter  VII  is  about  six  inches 
long,  its  resonant  counterpart  need  be  only  two  Inches  long  to  yield 
the  ■■»««>  gain.  This  is  certainly  a  significant  difference.  However,  a 
large  sacrifice  in  bandwidth  mvuit  be  made  in  order  to  achieve  these 
results.  For  example,  the  bandwidth  of  the  traveling-wave  coupler 
described  in  Chapter  VII  is  about  30  per  cent.  The  beuidwidth  of  the 
resonated  coupler  can  be  computed  from  (3.27),  (3*28),  and  the  above 
assunptlon  that  Q|j/Qq  -  0.1  .  If  the  coupler  is  matched  to  the  external 

circuit,  we  have  ^  obtain  a  bandwidth 

of  about  two  per  cent. 

Lineeurly  polarized  synchronous  wave  couplers  can  be  compared  in  the 
saune  way.  It  is  found  that  the  ratio  of  the  length  of  a  traveling-wave 
coupler  to  a  resonant  coupler,  each  giving  the  sane  gain,  is 

3 

Since  Qq  is  generally  of  the  order  of  10  ,  there  is  a  significant 

difference  in  these  two  cases.  Again  it  is  true  that  a  sacrifice  in 
bwdvidth  must  be  made.  The  bandwidth  of  the  njatched  resonant  coupler 
is  simply  2/Q^  ,  since  there  is  no  beam  loading,  while  the  bandwidth 

of  the  traveling-wave  coupler  will  typically  be  about  the  same  as  the 
thirty  per  cent  value  calculated  in  the  previous  case. 

In  conclusion,  the  choice  between  traveling-wave  and  resonant  couplers 
must  be  based  entirely  upon  the  application.  If  the  Important  factor  is 
bandwidth,  then  the  traveling-wave  couplers  should  be  used.  However,  if 
coupler  length,  or  gain  in  the  case  of  the  llnecurly  polarized  synchronous- 
wave  coupler,  is  a  limiting  factor,  then  resonant  structures  may  be 
indicated.  In  peurtlcular,  it  Is  desirable  to  enploy  resonant  couplers 
in  the  synchronous -wave  klystron  described  in  Section  III.C  in  order  to 
produce  a  large  gain. 
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CHAPTER  IV 
TWISTED  COUPUERS 

The  purpose  of  this  chapter  is  to  describe  the  interactions  which 
may  occur  between  the  transverse  waves  on  an  electron  beam  and  a  circuit 
in  which  the  plane  of  polarization  of  the  transverse  electric  field 
rotates  uniformly  along  the  axis  of  the  circuit.  This  type  of  field 
corresponds  to  the  transverse  electric  field  of  a  wave  propagating  in 
a  medium  characterized  by  Faraday  rotation.  Because  the  circuits  which 
support  such  a  field  look  like  linearly  polarized  structures  which  have 
been  twisted  about  their  axis,  the  name  "twisted  couplers"  seems  appropri¬ 
ate  for  this  class  of  circuits.  The  special  properties  of  these  couplers 
make  it  worth  while  to  treat  them  separately  in  this  chapter  rather  than 
in  Chapters  II  and  III. 

The  interest  in  the  twisted  couplers  arises  from  the  fact  that  the 
two  circularly  polarizpd  fields  which  make  up  the  propagating  circuit  wave 
have  different  propagation  constants.  This  means  that  it  is  possible  to 
obtain  coupling  conditions  which  could  not  be  obtained  with  ordinary 
circuits.  For  example,  with  this  new  class  of  couplers  it  is  possible  to 
couple  equally  to  the  cyclotron  waves,  or  to  a  cyclotron  and  synchronous 
wave.  Bernstein  and  Feinstein^^  have  considered  the  special  case  of  equal 
excitation  of  the  cyclotron  waves  in  connection  with  an  electrostatically 
pumped  cyclotron -wave  amplifier.  A  more  general  treatment  including  all 
four  of  the  transverse  waves  will  be  given  here. 

The  first  section  of  this  chapter  describes  the  interaction  of  the 
beam  with  a  twisted  electric  field  which  propagates  along  a  circuit,  and 
gives  the  coupled  mode  equations  which  describe  the  interaction.  Then, 
in  the  next  section,  the  various  possible  synchronism  conditions  are 
discussed.  The  following  section  describes  the  Important  case  in  which 
traveling -wave  or  resonant  couplers  are  used  to  excite  both  cyclotron  waves. 
Finally,  in  the  last  section,  the  fields  which  exist  in  a  twisted  structure 
are  considered  and  compared  with  the  twisted-field  model  used  in  the  electronic 
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Interaction  calculations.  A  description  of  sane  experiaental  twisted 
circuits  will  be  found  in  Cbapter  VII. 

A.  BEAK  imSSACTlCn  WITH  A  TWISISD  FIBIfi 

A  linearly  polarized  slow-wave  structure  supports  a  field  characterized 
by 


J(cijt  -  p.z) 

E  »  B-  e 

X  0 

{k.l) 

where  Is  the  circuit  propagation  constant  and  the  field  is  polarized 
in  the  X  direction.  Bow  consider  this  circuit  to  be  twisted  about  Its 
axis  with  a  period  defined  by 


P  = 


2n 


as  shown  In  Fig.  t.l.  The  qxiantlty  is  the  twist  propagation  constant. 
A  first  approximation  for  the  new  electric  field  Is  obtained  by  twisting 
the  solution  given  in  (^.1).  Therefore,  we  have,  for  the  twisted  circuit, 


J(ajt  -  3  z) 

\  =  Eq  cos  p^z  e 

j(cDt  -  p  Z) 

By  *  Bq  sin  p^z  e 


While  these  statements  are  not  rigorous  at  all,  they  seem  intuitively 
satisfying;  and  the  more  rigorous  discussion  of  Section  IV. D,  on  the 
fields  existing  in  twisted  periodic  structures,  shows  that  (^.3)  is  the 
correct  result  for  small  twist  rates  characterized  by  P^./Pq  «  !• 
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FIG.  4.1--Schematlc  representatiion  of  a  periodic  twisted  coupler.  The 

arrow's  represent  the  transverse  electric  fieW.  The  structure 
twists  2n/n  radians  per  section  or'  2n  radians  in  one  period 
that  is  n  sections  long. 


-  as  - 


From  Eqs.  (2.U)  the  polarized  field  quantities  are: 


"  ®0  ®  ® 


JflJt  -J(Pq  +  ^^)z 


Jojt 

=  Eq  e  e  °  ^ 


It  can  be  seen  that  the  effect  of  the  twisting  of  the  circuit  field  is  to 
subtract  frcan  the  propagation  constant  of  the  field  which  is  poleurized 
in  the  direction  of  the  twist  and  add  to  the  propagation  constant  of 

(l)  ^ 

the  oppositely  polarized  field.  '  These  twisted  field  components  may  be 
used  in  Eqs.  (2.3)  to  find  the  coupled  mode  eqiiatlons.  Everything  is 
formally  the  same  as  In  the  previous  case  except  now  we  obtain  polariza¬ 
tion  factors  which  are  a  function  of  z  .  The  circuit  voltage  given  in 
Eqs.  (2.9)  is  defined  as 


+J{£»t  -  PqZ) 


(i^.5) 


so  that  the  polarization  factors  are  given  by 


f 

+ 


1  -J 


+J 

e 


(4.6) 


These  have  been  normalized  so  that  they  satisfy  (2.11),  as  required. 

The  coupled  mode  equations  which  describe  the  twisted  coupler  are  then 
(2.16)  with  the  polarization  factors  given  by  (4.6).  By  conibinlng  these 


^^^It  should  be  noted  that  the  definitions  of  the  cooeplex  polarized 
variables  given  in  (2.4)  are  based  upon  a  left-hand  coordinate  system  to 
agree  with  previous  analyses.  However,  has  been  defined  in  a  right- 

hand  coordinate  system  so  that  positive  P^  and  we  are  associated  with 
the  same  azimuthal  direction. 
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results >  the  final  coupled  mode  equations  are: 


dA. 


JL 

dz 


K  -J 


SA-  K  +J  P  z 


K  -J  P^z 
e 


^Aj,  K  +J  p  z 

^  +  J  P,,Ai^  =  J  -  Aq  e 
oz  s/2 


k 


+J  P4.Z  -J  P^Z 


(A3  -  A^)  e  ^  +  (Ag  -  Aj^)  e 


..  (J+.7) 


The  definitions  of  the  parameters  are  the  same  as  in  (2.16).  It  is 
evident  from  Eqs.  (4.7)  that  the  synchronism  conditions  for  strong  inter¬ 
action  between  the  circuit  and  one  of  the  beam  waves  are  considerably 
different  from  those  in  the  case  of  untwisted  couplers.  This  is  considered 
in  the  next  section. 

B.  SYNCHRONISM  CONDITflONS  IN  THE  TWISTED  COUPLER 

The  circuit  phase  velocity  which  yields  strong  coupling  to  one  of 
the  beam  waves  may  be  obtained  from  (4.7).  The  conditions  which  make  the 
z  variation  of  the  right-hand  side  of  one  of  the  first  four  equations 
equal  to  the  z  variation  of  one  of  the  normal  modes  on  the  beam  is 


Po  =  P,  +  Pt. 


(4.8) 
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The  propagation  constant  is  one  of  those  representing  the  transverse 
vaves,  and  the  upper  sign  Is  to  be  used  vhen  considering  coupling  to  one 
of  the  positively  polarized  waves  and  the  lower  sign  is  for  negatively 
polarized  waves.  It  should  be  commented  that  the  coupled  mode  analysis 
described  Involves  a  system  In  which  the  dc  magnetic  field  Is  In  the 
positive  z  direction.  If  the  magnetic  field  Is  reversed,  the  polsurlza* 
tlon  of  the  beam  waves  Is  reversed,  although  the  propagation  consteuits 
remain  the  same.  A  tabulation  of  the  ratio  of  circuit  phsise  velocity  to 
dc  beam  velocity  required  to  yield  synchronism  with  a  specific  beam  wave 
is  given  in  Table  I.  The  cyclotron  frequency  is  a  positive  number  in  these 
relations . 


TABLE  I 

SYNCHRONISM  CONDITIONS  FOR  TWISTED  COUPLERS 


Circuit  Synchronous 

with  Mode 

^®o 

■®0 

L  ^  -  ^1" 

L  0)  0)  J 

“c  h 

CO  a> 

Ag 

Via] " 
j  OJ  J 

HI 

A3 

-1 

Pt  '"oT^ 

1  + 

(U 

A4 

fl ,  "°1 

-1 

1 

L  -J 

L  »J 
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In  general,  both  the  cyclotron  frequency  and  the  t?wi8t  rate  of  the 
circuit  are  at  our  disposal  so  that  it  is  possible  to  couple  strongly  to 
any  two  oppositely  polarized  transverse  waves.  It  is  important  to  note 
that  can  be  either  positive  or  negative,  depending  on  the  direction 

of  twist.  For  example,  by  making  the  twist  rate  such  that 


“o 


the  coupler  excites  both  cyclotron  waves  equally.  The  circuit  velocity 
should  be  equal  to  the  dc  beam  velocity  in  this  case.  If  the  magnetic 
field  is  then  reversed,  the  synchronism  conditions  are  changed  so  that 
coupling  to  only  one  wave  is  achieved.  This  synchronism  condition  is 
important  since  the  equal  excitation  of  both  cyclotron  waves  is  the 

optimum  situation  for  the  dc  pumped  quadrupole  disciissed  by  Gordon  and 

,,  18 

others . 

In  other  cases,  coupling  to  the  positive  or  negative  energy  cyclotron 
and  synchronous  waves  is  achieved  by  making 


1  CD 

p  =  -  -£ 

2  u^ 


(1^.10) 


It  is  also  possible  to  achieve  strong  coupling  to  only  one  of  the  synchronous 

waves  with  a  twisted,  linearly  polarized  circuit,  and  to  lower  the  magnetic 

field  requirement  for  cyclotron -wave  couplers.  In  peurticular  it  is 

•  (1) 

possible  to  use  an  infinite  phase  velocity  circuit'  '  and  a  ratio  of 
cD^/cD  less  than  unity  to  couple  to  the  fast  cyclotron  wave.  It  is  also 
possible  to  couple  to  the  slow  cyclotron  wave  and  to  the  synchronous  waves 
with  an  infinite  phase  velocity  coupler  by  employing  the  proper  twist  rate. 

Caure  must  be  taken  in  considering  the  interactions  described  above 
since,  as  is  shown  in  Section  IV. D,  the  assumed  fields  which  lead  to 
these  results  are  not  valid  in  all  cases.  Even  so,  the  basic  concept  of 
the  twisted  circuit  is  important,  and  useful  applications  do  arise.  Some 
applications  are  considered  in  the  next  section. 

^^^hat  id,  a  circuit  which  has  an  infinite  phase  velocity  before  it 
is  twisted. 
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C.  EQUAL  exchation  of  tee  cyclotron  waves 


Of  the  various  synchronism  conditions  that  were  discussed  in  the 
previous  section,  the  condition  which  leads  to  equal  excitation  of  both 
cyclotron  waves  appears  to  be  of  the  greatest  Interest  at  present.  It 
was  noted  that  this  Importance  exists  because  the  optimum  coupler  for  a 
particular  type  of  dc  quadrupole  amplifier  is  one  which  excites  the  cyclotron 
waves  equally.  Bernstein  and  Felnstein^^  have  noted  this  and  described 
the  application  of  a  twisted  coupler  in  this  connection.  Their  descrip¬ 
tion  of  the  coupler  was  not  in  terms  of  a  coupled  mode  formal ism  and  it 
is  worthwhile  to  note  that  this  independent  description  beised  on  coupled 
mode  theory  gives  the  same  results.  Another  Important  reason  for  emphasizing 
this  synchronism  condition  is  that,  since  the  waves  are  excited  wlth{  equal 
amplitude,  there  is  no  beam  loading  in  such  a  coupler  and  we  are  led  to 
the  consideration  of  a  cyclotron-wave  klystron  completely  analogovis  to  the 
synchronous -wave  klystron  discussed  in  Chapter  III. 

In  solving  Eqs.  (4.7)  for  this  case,  we  assume  that  the  circuit  phase 
velocity  and  twist  rate  are  such  that  there  is  strong  coupling  to  the 
cyclotron  waves  and  very  little  excitation  of  the  synchronous  waves.  In 
that  case  the  equations  to  be  solved  are: 


K  -j  p  z 

—  +  J  ^  =  J  —  ®  A- 

dz  ®  ^  ° 


SAp  K  +J  p  z 


(4.17) 


SAq  K 

~  +  J  PnAr,  =  J  — 
dz  0  0  ^2 


•  -J  Pt" 

Ag  e  ’  ® 


These  may  be  solved  directly  without  difficulty,  but  it  is  simpler  to 
redefine  the  wave  amplitudes  so  that  Eqs.  (4.17)  fall  into  a  category 
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that  we  have  already  considered.  If  we  now  define  the  new  waves 


-J 


then  the  system  of  equations  (14-.17)  becomes 

sa;  K 

—  +  J  (P_  +  A)  A'  =  j  —  A 

az  ®  ^  ° 

Sq/Io-J— (Aj  -Ap 

where 

A=Pc-Pt 


,  (^.18) 


A  (^.19) 


(if. 20) 


When  the  twist  rate  or  the  magnetic  field  is  adjusted  to  give  A  -  0  , 
Eqs.  (1^.19)  are  identical  to  (2.30)  which  describe  the  linearly  polarized 
synchronous  wave  coupler.  Thus,  the  solution  to  the  present  problem  is 
exactly  the  same  as  it  was  for  the  synchronous  wave  coupler  except  that 
now  the  cyclotron  wave  propagation  constants  are  different.  The  wave 
amplitude  expressions  given  by  (2.33)^  or  (3»^2)  in  the  case  of  a  resonant 
coupler,  are  in  agreement  with  the  results  in  the  above  reference  where 
they  are  applicable. 

The  exact  correspondence  between  the  twisted  cyclotron -wave  coupler 
and  the  linearly  polarized  synchronous  wave  coupler  is  valid  only  at  the 
condition  P  =  p.  .  Note  that  this  does  not  mean  that  the  circuit  wave 

C  w 

must  be  synchronous  with  the  beam  waves  since  need  not  be  equal  to 

P  in  order  to  have  A  vanish.  Consequently,  the  dependence  on  synchronism 
e 
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between  the  circuit  and  the  beam  that  appeared  in  the  synchronous  wave 
equations  cited  above  is  correct  here  also.  However,  if  A  is  not  zero, 
the  character  of  the  equations  changes.  Hy  ccmpanring  (^.19)  with  coupled 
mode  descriptions  of  circuit  Interactions  with  the  space-charge  waves,  such 
as  are  given  by  Louisell,^"^  we  see  that  identifying  jA]  with  leads 
to  the  traveling-wave  tube  equations  when  A  is  positive  and  to  those 
for  the  backward-wave  oscillator  when  A  is  negative.  Consequently, 
published  solutions  for  the  propagation  constants  in  space-charge  wave 
devices  can  be  used  here.  The  correspondence  between  the  two  cases  does 
not  exist  at  A  =  0  =  O)  because  of  the  way  in  which  the  coupling 

coefficient  in  the  space-charge  wave  equations  depends  upon  . 

In  general  the  solutions  of  (^.7)  for  other  synchronism  conditions 
are  easily  obtained  by  the  methods  which  have  been  used  to  solve  the 
coupled  mode  problems  that  have  been  described  earlier.  In  particular, 
it  will  be  found  that  a  simple  change  of  notation  such  as  the  one  used 
above  for  the  case  of  p  =  p.  ,  will  lead  to  the  formalism  of  the 

C  w 

problems  that  have  already  been  considered. 

D.  ELECTRIC  FIELDS  IN  TWISTED  CIRCUIT8 

In  the  first  section  of  this  chapter  we  derived  the  coupled  mode 
equations  describing  the  Interaction  between  an  electron  beam  and  a  twisted 
electric  field.  This  field  was  taken  as  an  approximation  of  the  electric 
field  that  exists  in  a  twisted  circuit.  The  purpose  of  this  section  is  to 
consider  the  electric  fields  which  propagate  on  a  twisted  structure,  and 
to  show  that  the  field  assumed  in  the  electronic  interactions  described 
previously  is  correct  for  small  twist  rates. 

In  general,  the  twisted  circuit  is  a  periodic  structure  in  which  each 
section  is  rotated  about  its  axis  with  respect  to  the  previous  section  as 
was  indicated  in  Fig.  4.1.  The  field  quantities  associated  with  the  circuit 
are,  in  general,  periodic  in  both  z  and  Q  .  Let  L  be  the  fundamental 
period  of  the  structure  before  it  is  twisted  and  n  be  the  number  of  these 
periods  which  must  be  advanced  before  the  twisted  circuit  orientation  repeats. 
That  is,  we  are  assuming  that  the  twist  angle  per  period  of  the  structure 
is  2jt/n  where  n  is  an  integer.  If  the  circuit  is  symmetric  about  its 
axis,  and  n  is  even,  there  will  be  a  higher  order  symmetry,  but  this  can 
be  destroyed  by  imagining  a  small  perturbation  of  one  part  of  the  circuit. 
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By  means  of  Floquet's  theorem,  the  circularly  polarized  components 
of  the  potential  in  the  circuit,  which  has  a  period  of  nL  in  the  z 
direction  and  a  ©  periodicity  to  be  defined,  can  be  written  as  a  sum 
of  space-harmonics: 


V(z  ,  0) 


-J  -Jpe 

e  e 


2itk 

nL 


} 


('^.21) 


where  is  the  phase  shift  per  unit  length  of  the  positive  or  negative 

circularly  polarized  field  component  in  the  structure  in  a  right-hand 
coordinate  system  and  p  is  +1  for  the  positive  polarized  component  and 

^  contains 

the  radial  variations  of  the  potential.  The  Indices  k  and  -t  are 
integers  which  will  be  found  to  be  related.  If  we  advance  on  the  circuit 
by  an  axial  distance  L  and  rotate  by  an  amoung  ±  2n/n  (the  ±  sign 
gives  the  direction  of  the  twist),  the  circuit  is  the  same  and  the  potential 
is  a  complex  constant  times  the  potential  at  the  starting  point,  that  is, 


-1  for  the  negative  polarized  component.  The  coefficient  A. 


V(z  +  L  ,  ©  ±  =  V(z  ,  ©) 


-J  ;jp  f 


(4.22) 


Upon  using  (4.21)  and  (4.22)  we  obtain  an  equation  that  is  satisfied  only 
if 


k  ±  =  nm  ,  (4.23) 

where  m  is  any  integer.  If  we  allow  axial  symmetries  of  the  structure 
which  can  reduce  the  period  as  mentioned  above,  it  is  found  that  (4.23) 
is  still  the  correct  restriction  to  be  placed  on  k  and  .  The  general 
potential  expression  is  then  written 

-i  P+z  -Jp©  -J  ^  (nm  +  't)z  -J-t© 

V(z  ,  ©)  =  e  e  )  e  e  ,  (4.24) 

•^m 
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where  the  upper  sign  with  -t  Is  to  be  used  If  the  twist  Is  In  the  positive 
sense  with  advancement  In  the  positive  z  direction  emd  the  lower  sign  Is 
for  a  negative  twist. 

We  see  frcm  (^.24)  that  there  Is  a  multiplicity  of  spatial  harmonics 

which  m\;ist  be  coniblned  to  yield  the  general  field  configuration.  There 

are  In  general  n  branches  to  the  a>>3  diagram  as  Indicated  In  Fig.  k.2 

for  the  positively  polarized  field  component.  For  the  purposes  for  which 

we  are  considering  twisted  circuits,  that  Is,  In  transverse  wave  couplers, 
fl  i  id 

the  value  of  -t  Is  zero,  yielding  e  azimuthal  variation.  From  the 
figure  we  see  that  these  components  all  lie  on  one  branch  of  the  oj-p  curve. 

The  fact  that  there  Is  a  number  of  branches  to  the  o-p  diagram  can 
alter  the  expected  dispersion  characteristic  for  a  circuit  considerably. 
While  we  are  ordinarily  not  interested  in  the  extrfa.  multipole  fields  which 
arise  due  to  the  twisting  of  the  circuit,  the  Intersections  of  the  various 
branches  can  lead  to  stop-bands  If  there  Is  any  discontinuity  which  can 
couple  the  space  harmonic  cmponents  represented  by  the  different  branches. 

The  propagation  constants  that  can  be  expected  in  twisted  circuits 
can  be  determined  from  (4.24)  by  assuming  that  both  field  polarizations 
propagate  with  the  propagation  constant  p^  in  the  frame  of  reference 
that  twists  with  the  circuit.  In  that  case,  by  denoting  the  variables 
In  the  twisted  frame  with  primes,  we  have 

z'  =  z 


9'  =  9  -  p^z 


(4.25) 


where  p  was  given  in  (4.2)  and  it  cEU*ries  the  sign  of  the  direction  of 
the  twist.  Then  (4.24)  gives 


V' 


-jOi  ♦  P  y  -J  —  »  Jie- 

■Ifia 


(4.26) 


where  the  prime  denotes  the  potential  in  the  twisted  frame.  Cleeu:ly  the 
quantity  in  front  of  the  summation  represents  the  propagation  factor  of 


-  67  - 


wm 


the  fundanental  (m  =  -t  =  O)  field  coinpoaent  of  the  periodic  atructure. 
Equating  this  to  exp  [-  J  gives 

-  Pq  ■  ^t 

P.  =  pQ  +  Pt  »  (^-27) 

where  is  the  propagation  constant  observed  in  the  twisting  frame  of 

reference.  These  resiiLts  are  in  agreement  with  those  given  in  Eqs.  (^.^) 
when  it  is  noted  that  and  E_  are  defined  in  a  left-hand  coordinate 

system. 

While  the  above  discussion  is  designed  to  show  the  nature  of  the 
dispersion  characteristic  in  a  general  twisted  circuit,  it  is  not  well 
suited  for  a  calculation  of  the  field  ccanponents  involved  in  a  typical 
circuit.  The  field  conflgiiration  will  certainly  be  different  from  that 
of  the  untwisted  circuit.  Bernstein  and  Feinstein^^  have  considered  this 
question  in  connection  with  some  work  in  a  twisted  coupler  of  the  type 
discussed  in  Section  IV. C.  Their  assimiption  is  the  one  used  in  Section 
A  of  this  chapter,  where  we  assumed  that  the  transverse  field  of  the 
twisted  circuit  is  simply  obtained  by  twisting  the  linearly  polarized  field 
configuration  that  is  valid  for  the  untwisted  circuit.  One  feels  that  this 
is  a  good  approximation,  but,  as  is  pointed  out  in  the  reference,  this  does 
not  yield  a  field  expression  which  satisfies  V  •  E  =  0  .  It  is  also  true 

that,  by  estimating  the  nature  of  the  field  perturbations  eis  the  circuit 
is  twisted,  it  ceui  be  seen  that  a  new  component  of  the  trp  averse  field  is 
produced.  This  is  in  sphce  and  time  quadratxire  to  the  main  transverse 
field. 

A  description  of  the  exact  nature  of  the  fields  that  exist  in  a 
twisted  periodic  circuit  appears  quite  difficult  and  the  discussion  given 
here  will  be  restricted  to  an  approximate  approach.  It  was  shown  that 
the  potential  in  a  general  circuit  obeyqd  (U.24).  In  order  to  obtain  a 
description  of  the  nature  of  the  transverse  fields  in  a  twisted  circuit, 
we  neglect  all  of  the  space  harmonics  of  the  circuit  and  consider  only 
the  fundamental  component  for  which  m  and  -t  are  zero.  The  potential 
then  consists  of  components  with  the  two  propagation  constants  given  by 
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(^.27) •  The  potential  components  are  assumed  to  be  solutions  of  Laplace's 
equation  In  accordance  with  the  Initial  assumptions  made  In  using  (2.8)  as 
the  equations  governing  the  circuit.  In  rectangular  coordinates  we  have 


V(x,  y,  z)  =  [a^  slnh  +  p^)  x  +  slnh  (p^  +  p^)y] 


+  [a_  slnh  (Pq 


Pt)  X  +  b_  slnh  (Pq  -  p^)y] 


} 


(4.28) 


where  the  coefficients  and  b^  are  to  be  determined  by  the  boundary 

conditions.  The  solutions  which  correspond  to  zero  treuisverse  electric 
field  on  the  axis  have  been  omitted  in  the  above  expression  since  they  are 
not  important  for  transverse-wave  Interactions. 

The  circ\ilt  is  assxmed  to  be  oriented  as  shown  in  Fig.  4.1.  In  order 
to  determine  the  coefficients  in  (4.28)  we  impose  the  condition  that,  when 
the  circuit  has  twisted  through  n/2  radians,  the  circuit  potential  has 
also  rotated  by  j(/2  radians.  A  statement  must  also  be  made  about  the 
potential  distribution  in  the  x-y  plane.  The  required  boundary  conditions 
are  taken  as: 


V(a,  0,  0)  =  Vp 


V(0,  a. 


(4.29) 


V(0,  a,  0)  =  0 

where  2a  is  the  transverse  spacing  between  the  circuit  elements.  The 
last  condition  in  (4.29)  is  somewhat  arbitrary,  but  it  gives  a  good  approxima¬ 
tion  of  what  the  potential  in  a  twisted  circuit  would  be.  Equations  (4.29) 
and  (4.28)  are  enough  to  obtain  the  four  coefficients  a^  and  b^  ,  if 
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we  use  the  additional  statement  that  Eqs.  (^>29)  are  valid  for  any 
and  .  The  expression  for  the  potential  is  then  found  to  be 


,3, 


Binh  (Pq  +  p^)x  ^  sinh  (p^  +  p^)y 


Lsinh  (Pq  +  p^)a 


sinh  (Pq  +  p^)a 


-J(Po  ^ 


(4.30) 


sinh  (Pq  -  p^)x  sinh  (p^  -  p^)y 

.sinh  (Pq  -  p^)a  sinh  (p^  -  P^)a 


The  transverse  electric  fields  cem  be  computed  directly  from  (4.30). 
Generally,  the  circuit  dimensions  will  be  such  that  only  the  first  term 
In  the  expansion  of  the  hyperbolic  cosine  and  sine  make  a  significant 
contribution  to  the  field  and  in  this  case  we  obtain 


E  = 

X 


Vq  1 


^0  1  _ 


/M 

\  ^0/ 


cos  p^z  J  —  sin  p^z 


-J  PqZ 


(4.31) 


1  - 


/M 

\^0I 


Pt 

sin  p  z  -  J  —  cos  p  z 

.  Po 


-J  Pq" 


The  first  term  in  E  and  E  represents  a  field  which  corresponds  to 
X  y 

twisting  up  the  field  of  the  linearly  polarized  counterpart  of  the  twisted 
circuit,  and  is  the  field  configxiration  that  was  assumed  in  the  first  section 
of  this  chapter.  The  second  terms  in  (4.31)  represent  a  modification  of 
this  field  that  arises  because  of  the  twisting.  It  is  proportional  to 
p. /p-  and  in  quadratvire  to  the  main  field  component.  We  cast  this  in  a 

Xt  u 
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different  form  by  observing  the  fields  in  the  twisting  frame  of  reference. 
The  twisted  field  of  the  linearly  polarized  circuit  is  denoted  by  E|| 
and  the  field  perpendicular  to  this  by  Ej^  as  shown  in  Fig.  These 

fields  ere  related  to  those  in  the  laborabory  frame  of  reference  by 

Ell  =  E  cos  a.  z  +  E  sin  6.  z 
"  X  “^t  y 

(^•32) 

E||  =  E^  sin  p^z  -  E^  cos  p^z 
Substituting  (^.31)  into  (^.32)  yields 


(4.33) 


where  E^  is  a  coefficient  consisting  of  the  factors  in  (4.3l).  Figure 
4.3  shows  the  standing -wave  pattern  that  is  created  when  a  forward  and  a 
reverse  traveling-wave  on  the  circuit  ere  combined.  Note  that  a  simple 
planar  short  on  each  end  of  a  twisted  structure  does  not  result  in  the 
ideal  twisted  cavity  since  the  end  conditions  are  not  correct.  However, 
for  small  twist  rates  the  field  pattern  would  be  essentially  that  shown 
in  the  figure  except  near  the  shorted  ends  of  the  cavity.  This  is  observed 
experimentally  in  Chapter  VII. 

In  order  to  determine  how  these  results  affect  the  calculations  nade 
in  the  esrlier  part  of  this  chapter  the  field  of  the  twisted  circuit  is 
written  in  circularly  polarized  variables.  We  find  that  the  fields 


Ell  = 


•j  PqZ 


1  - 


El  =  — 


-j 
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ilxlal  Distance 


FIG.  4.3 — The  standing -wave  patterns  of  the  tvo  field  components  on  a 
tvisted  circuit  due  to  equal  forward  and  reverse  propagating 
waves. 
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corresponding  to  are  given  by 


^  -  h/^0 

That  is,  the  circularly  polarized  field  components  are  no  longer  of  eqioal 
amplitude.  This  means  that  f^  and  f  in  (^.6)  are  altered  by  the 
factor  (l  ±  P^/Pq)"^  ,  respectively.  These  new  polarization  factors 

then  obey  (2.11)  to  first  order  in  (P^/Pq)  •  It  is  not  appropriate  to 

continue  the  discussion  to  larger  twist  rates  because  of  the  approximations 
that  have  been  made  up  to  this  point. 

As  a  result  of  the  above  discussion  we  see  that  the  coupled  mode 
equations  and  the  resulting  electronic  interactions  that  were  derived  in 
the  first  sections  of  this  chapter  were  correct  for  P^/Pq  «  I  •  However, 
if  the  twist  rate  is  larger  than  this,  the  amplitudes  of  the  two  circularly 
polarized  field  components  become  different  while  their  propagation  constants 
are  still  the  same.  The  interaction  is  still  described  by  the  coupled  mode 
equations  of  Chapter  II,  but  the  modified  polarization  factors  indicated 
above  must  be  used. 


\  -jOo  * 

E.  - - - - e 


1  + 


B - 
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CHAPTER  V 


CYCLOTRON-WAVE  FREQUENCY  DOUBLERS 

The  use  of  cyclotron-wave  interactions  in  a  quadrupole  type  of  resonant 

cavity  to  achieve  frequency  doubling  will  be  discussed  in  this  chapter. 

21 

Such  an  interaction  was  reported  by  Ashkin,  who  excited  a  fast  cyclotron 

wave  on  a  beam  entering  a  quadrupole  cavity  and  observed  second  harmonic 

20 

power  output  from  the  quadrupole.  Cuccia  had  observed  this  earlier, 

emd  reported  some  results  and  proposed  multipliers  employing  higher  order 

22 

multipole  cavities.  Lindsay  and  Caunter  have  carried  out  a  ballistic 
analysis  for  the  special  case  of  the  fast  cyclotron  wave  doubler  operating 
at  cyclotron  resonance,  which  was  the  type  of  operation  used  in  the 
experiments  mentioned  above.  It  has  been  noted  by  all  of  these  workers 
that  high  conversion  efficiencies  may  be  expected  with  this  type  of  doubler. 

The  above  studies  have  all  been  connected  with  the  special  case  in 
which  the  fundamental  frequency  is  eqml  to  the  cyclotron  frequency  and 
the  coupler  euid  quadrupole  circuits  were  characterized  by  an  Infinite 
phase  velocity.  It  is  obvious,  however,  that  these  observed  frequency 
doubling  Interactions  are  a  special  case  of  the  general  situation  in  which 
periodic  structures  w^  th  finite  phase  velocity  and  frequencies  other  than 
the  cyclotron  frequency  are  used. 

The  analysis  to  be  presented  here  will  be  based  on  a  coupled  mode 
approach  to  the  problem,  and  will  include  the  interactions  with  both  the 
fast  euid  slow  cyclotron  waves,  with  arbitrary  combinations  of  these  waves 
existing  at  the  beam  input  to  the  quadrupole.  This  will  make  it  possible 
to  predict  the  operating  characteristics  of  the  general  class  of  cyclotron- 
wave  frequency  doublers. 

The  study  of  this  problem  by  means  of  coupled  mode  equations  results 
in  the  description  of  the  circuit  fields  as  a  superposition  of  traveling 
waves.  The  field  in  the  resonant  quadrupole  is  then  given  as  a  sum  of 
forward  and  reverse  propagating  waves.  The  analysis  which  will  be 
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given  In  this  chapter  neglects  the  interaction  between  the  beam  and  the 
reverse  propagating  wave;  that  is,  it  assumes  interaction  with  a  single 
^forward  propeigating  circuit  wave  of  constant  amplitude.  While  this  is 
generally  not  an  acceptable  assiunption,  as  is  evidenced  by  some  of  the 
results  for  resonant  coupler  circuits  given  in  Chapter  III,  it  causes  no 
significant  error  here,  as  it  applies  to  practical  situations.  This  is 
because  quadrupole  interaction  Impedances  are  quite  small,  resulting  in 
devices  which  are  many  wavelengths  long.  Consequently,  it  is  safe  to 
neglect  interactions  with  the  traveling  waves  on  the  circuit  which  are 
not  synchronous  with  one  of  the  beam  waves. 


A.  COUPLED  MODE  EQUATIONS 


The  coupled  mode  equations  representing  interaction  between  a  beam 

and  coupler  type  transverse  fields  were  given  in  Chapter  II.  In  the 

present  chapter  we  consider  the  case  in  which  the  beam  interacts  with  a 

field  having  the  quadrupolar  symmetry  shown  in  Fig.  5-1.  Bl^tekjaer  and 
19 

Wessel-Berg  have  analyzed  this  situation  and  have  obtained  the  coupled 
mode  equations  which  are  to  be  the  starting  point  for  the  analysis  given 
in  this  and  the  next  chapter.  In  order  to  cast  these  equations  in  the 
same  notation  used  earlier  in  this  paper,  we  briefly  describe  the  steps 
leading  up  to  their  final  results.  The  material  presented  in  this  section 
is  not  new,  except  for  various  commentaries,  and  the  equations  can  be 
found  in  the  above  reference  in  a  different  notation. 

A  traveling -wave  field  of  quadrupolar  symmetry  which  is  a  solution 
of  Maxwell's  equations  may  be  represented  by: 


E 

z 


m 

-  R 


-  B^y) 


SBg  X  y 


(5.1) 
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FIG.  5.I--A  cross  section  of  a  structure  that  supports  a  quadrupole 
field.  The  equl potential  surfaces  are  hyperbolas  in  the 
ideal  case. 
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In  these  equations  co^  Is  the  radian  frequency,  and  Is  the  propagation 

constant  of  the  structure  supporting  the  quadrupole  field.  The  terms 

and  are  arbitrary  conqplex  constants  which  may  be  selected  to  give 

fields  of  circular  or  linear  polarization.  Both  E  and  E  are  linear 

X  y 

In  the  transverse  dimensions  and  satisfy  Maxwell's  equations  to  first  order 

In  X  and  y  .  The  quadratic  E^  expression  results  from  forcing  the 

assumed  transverse  fields  to  satisfy  the  field  equations.  The  analysis 

here  Is  to  be  a  linearized  one,  and  so  E  will  not  play  a  part  In  the 

z 

Interaction  equations,  but  It  Is  required  to  explain  the  energy  exchange 
In  the  quadrupole. 

The  filamentary  beam  model  used  In  Chapter  II  will  also  be  used  here. 
The  use  of  this  model  may  be  questioned  on  the  basis  of  the  fact  that.  In 
a  beam  of  finite  diameter,  all  of  the  electrons  In  the  quadrupole  do  not 
see  the  same  transverse  field  to  first  order  in  the  displacement.  In  the 
coupler  calculations  this  was  true  and  It  was  possible  to  describe  the 
beeim  motion  In  terms  of  the  motion  of  the  center  of  mass  of  the  beam  In 
the  complex  calculations.  Fortunately,  the  same  procedure  may  be  used 
here. 

A  real  beam  may  be  considered  to  be  a  bundle  of  filamentary  beams. 

In  the  case  of  the  coupler  field  all  of  these  filaments  experienced  the 

S€une  force,  while  In  the  quadrupole  field  the  situation  is  somewhat 

different.  By  substitutlrig  +  x^  and  yQ  >  where  (xj^,y^) 

Is  measured  from  the  Individual  filament  position  (xj^,yQ)  ,  for  x 

and  y  In  the  first  two  of  Eqs.  (5»l),  find  that  filaments  at 

different  dc  positions  (x^jy^)  are  in  exactly  the  same  quadrupolar  field. 

In  addition,  there  Is  a  coupler  type  field  which  is  dependent  upon  the 

position  of  the  filament.  If  the  synchronization  condition  is  correct 

this  last  field  will  lead  to  undesired  beam  expeuision  by  exciting  one  or 

more  of  the  transverse  waves,  which  are  then  amplified  by  the  quadrupole 

field  in  the  same  way  as  In  an  ordinary  transverse  wave  parametric 
19 

amplifier.  Another  way  of  saying  this  is  that  the  qixadrupolar  field 
will  amplify  initial  zero  frequency  excitation  on  the  beam  filaments. 

Thus,  in  the  cases  to  be  studied  in  this  chapter.  In  which  the  quadrupole 
Is  synchronous  with  the  fast  cyclotron  wave,  we  should  avoid  having  dc 
beam  rqtatlon  at  the  cyclotron  frequency  since  this  represents  a  zero 


frequency  cyclotron  wave.  In  the  next  chapter  It  will  be  seen  to  be 
necessary  to  have  some  dc  beam  rotation  to  avoid  expansion  In  the  * 
quadrupole  which  Is  synchronous  with  the  synchronous  waves  on  the  beam. 

The  crucial  point  of  this  argument  Is  that  we  nay  employ  the  flleunentary 
beam  model  for  finite  size  beams^  If  care  Is  teiken  to  avoid  the  zero 
frequency  filamentary  beam  modes  idiich  can  be  amplified  by  the  qvmdruple 
field. 

The  equations  of  motion  for  the  filamentary  beam  are  then  obtained 
by  substituting  Eqs.  (5-l)  into  (2.1)  in  Chapter  II.  This  yields  equations 
for  the  velocities  and  displacements  wfiich  have  some  coefficients  that  are 
periodic  in  both  t  and  z  : 


bv  bv  t  -  k  z) 

— -  +  u„  — ^  +  aiv  *  -  R[B,x  +  ]  e 

dt  oaz  ®  ^ 


dv 

dt 


CD  V 
c  X 


,  j(cD  t  -  k  z) 
,x  -  Bj^y]  e  q  q 


bx  bx 


0 


'^0  ^  - 


V 


y 


0 


(5.2) 


Bl^tekjaer  and  Wessel-Berg^^  show  that  these  equations  may  be  solved  by 
making  substitutions  of  the  form 


00 

I 


X  e 
n 


J  [(cD  +  ncD  )t  -  (r  +  Pg  +  tik  )z] 


(5.3) 


n=-oo 


for  each  displacement  and  velocity.  Writing  the  propagation  constsuit  as 
shown  in  terms  of  y  facilitates  the  solution  of  the  system  of  eqviations. 
Next,  we  define  the  wave  amplitudes  Just  as  in  (2.13)  of  Chapter  II.  Note 
that  the  numerical  subscripts  here  correspond  to  Siegnmn's^^  definitions 
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which  were  given  in  Eqe.  (2.13)  anti  ana  different  from  those  used  by 
Wessel-Berg  and  Bl^tekjaer: 


A  «  ijk  (v  -  Jv  _)  >  A 
l,n  2  x,n  y,n  2,n 


(v  +  Jv  ) 
"2  x,n  "  y,n' 


A„  =  ^Jk  (v  -  Jv  +  a>  y  +  Joi  X  ) 
3,n  2*^  '  x,n  ^  y,n  c''n  *'  c  n' 


'4,n 


ijk  (v  +  Jv  +  01  y  -  Joj  X  )  , 

2-’  '  x,n  *'  y,n  c''n  c  n'  ’ 


(5.M 


where 


k  =  /i  “  T  ' 

V  2  ‘ 


It  Is  found  convenient  to  define 

<=.  ■  ■  srr  ‘»2  *  ■i\> 

C  Q 

-  t5.5) 

c  0 


which  represent  the  posj-tively  and  negatively  polarized  components  of 
the  quadrupole  field  as  may  be  seen  by  considering  the  complex  forms  of 
Eqs.  (5.1).  Finally,  by  combining  (5-2),  (5.3),  (5*^)  and  (5-5),  the 
coupled  mode  equations  are  obtained: 


-J 


=  V2,n-1  ^  Vk,n-1 

^  C>2,n+1  ^  CH,n+l 
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and 


-J 


2,n 


^+®2,n-l  *  ^+®'U,n-l 


-J 


7,  -  n 


-  k 


,  =  C  a,  ,  +  C  , 

4,n  -  l,n-l  -  3,n-l 


*  '>l,n*l  *  <=?3.n^l 


(5.6) 


As  in  Chapter  II,  when  the  exponential  variation  has  been  omitted^ lojfer 
case  letters  are  used  for  the  amplitudes.  Equations  (5*6)  relate  the 
amplitudes  of  the  waves  at  the  frequency  ca  +  nco^  to, those  at  the 
frequencies  oj  +  (n-l)aj^  and  cd  +  (n+l)a)^  .  We  shall  be  concerned, 

for  the  most  part,  with  the  solution  of  these  equations  for  some  special 
cases. 


B.  SOLUTION  OF  EQUATIONS 

Equations  (5.6),  subject  to  the  conditions  specified  on  the  beam  at 
the  entrance  to  the  quadrupiole,  describe  completely  all  small  signal 
interactions  possible  between  the  four  basic  transverse  waves  and  the 
assumed  quadrupolar  field.  The  solutions  for  the  same  synchronism 
conditions  that  are  of  interest  in  this  chapter  (synchronism  with  the 
cyclotron  waves)  as  well  as  in  the  next  chapter  ’  (synchronism  with  the 
synchronous  waves)  have  been  considered  in  the  reference  cited  before. 
However,  in  that  case,  the  goal  was  to  use  the  quadrupole  interaction  in 
a  parametric  type  of  device  in  which  there  would  be  no  phase  relation 
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between  the  Input  beam  waves  and  the  qxiadrupole  field.  This  results  in 
the  omission  of  a  term  in  the  final  power  expressions.  This  procedure  is 
not  allowable  for  the  present  discussion  since,  in  the  case  being  studied 
here,  the  beam  waves  will  Interact  with  the  quadrupole  emd  will  establish 
the  circuit  field  so  that  the  quadrupole  phase  is  related  to  the  input 
phase  of  the  beam  wave. 

As  discussed  by  Bl^tekjaer  and  Wessel-Berg,^^  the  solution  to  (5*6) 
to  first  order  in  the  quadrupole  field  amplitudes  and  C  can  be 

found  by  a  simple  perturbation  procedure.  We  follow  this  same  approach 
here,  but  keep  terms  which  were  omitted  in  the  previous  work  due  to  the 
assumption  of  random  quadrupole  phase.  In  carrying  out  this  small  quadrupole 
amplitude  analysis,  only  the  frequencies  represented  by  n  =  0,  ±  1  are 
considered  since  other  values  of  n  represent  interactions  which  are  of 
second  oivier  in  the  small  coefficients  which  couple  the  beam  to  the 
quadrupole.  That  is,  we  Include  the  signal  frequency  cd  and  the  sum  and 
difference  frequencies,  o  +  o)  and  tn  -  a>  ,  which  arise  in  the  beam 

<1  q 

as  a  result  of  the  parametric  type  of  interaction.  As  a  result  of  this, 
a  set  of  homogeneous  equations  such  as  (5*6)  for  n  =  0,  ±  1  is  obtained. 

The  requirement  that  a  nontrivial  solution  exist  is  that  the  system 
determinant  be  zero: 


D^(-l) 

0 

0 


c* 


D^(0) 


D^(+l) 


0 

Dj-l) 

0 

0 


+ 

0 

D_(0) 

0 


0 

c* 

0 

0 

0 


D  (1) 


=  0  ,  (5.7) 
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^  MIBSTjS 


where 


(5.8) 


The  synchronous  waves  have  been  neglected  in  (5.7)  because  the 
synchronism  conditions  which  are  Imposed  below  In  Eq.  (5.9)  result  In 
negligible  Interaction  with  the  synchronous  waves  If  the  quadrupole  Is 
Just  a  few  wavelengths  long,  measured  at  the  beam  velocity.  Due  to  the 
small  quadrupole  Interaction  impedance  which  Is  found  In  practical  circuits, 
the  circuit  will  be  mqch  too  long  to  allow  significant  cumulative  interaction 
with  the  synchronous  waves. 

The  reference  shows  that  solutions  of  (5.6)  which  are  of  first  order 
In  small  quantities  are  obtained  for  the  synchronism  conditions 

(U  (0 

-a  -  k  .  ±  2  -S-  .  (5.9) 

When  03^  =  2a)  ,  as  is  the  case  in  the  frequency  doubler,  the  upper  sign 
leads  to  synchronism  between  the  fast  cyclotron  wave  on  the  beam  at  the 
entrance  to  the  quadrupole  circuit  and  the  assumed  fields,  while  the  lower 
sign  corresponds  to  synchronism  with  the  slow  cyclotron  wave.  This  nay 
be  seen  by  substituting  (5.9)»  solving  for  the  quadrupole 

phase  velocity  v^  ,  and  setting  =  2a)  . 

1.  Synchronism  Condition  2aJ\x^  -  k  »  +  2a) 

As  pointed  out  above,  the  condition  given  by 


2a)  0) 


(5.10) 
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results  In  a  quadrupole  field  that  is  synchronous  with  the  fast  cyclotron 
vave.  It  Is  this  case,  with  k  «  0  .  which  has  been  the  baiis  of  the 

q. 

studies  on  transverse  wave  frequency  doubling  in  the  past,  and  we  shall 
begin  with  it  here  in  the  general  formulation  of  cyclotron  wave  doublers. 

The  determinant  (5 >7)  represents  a  sixth  order  polynomial  in  y  . 
However,  the  approximate  values  of  y  that  are  different  from  the 
unperturbed  solutions  are  obtained  by  retaining  only  the  part  of  the 
determinant  in  which  the  diagonal  elements  are  of  the  order  o^‘  magnitude 
of  the  small  off-diagonal  terms.  Upon  substituting  (5-10)  and  (5-8)  into 
(5.7)  and  noting  from  (5*3)  that  the  unpertxirbed  values  of  y  are  ± 
for  the  cyclotron  waves,  it  is  found  that  the  significant  portion  of  (5 >7) 
is  the  fourth  order  determinant 


D^(-l)  0  C* 


0 


0 

C 

0 


D^(0) 

0 


c 


0 

D_{0) 

0 


=  0 


0 

D  (1) 


(5.11) 


In  the  case  of  a  frequency  doubler,  which  is  the  case  we  are  concerned 
with  here,  the  quadrupole  frequency  will  be  twice  the  signal  frequency. 
It  is  then  foimd  that  the  four  values  of  y  ,  which  are  different  from 
the  unperturbed  solutions,  are 


7  =  ±  ±  .  (5.12) 

Upon  recalling  that  the  Zfvariation  of  the  wave  amplitudes  is 

^  ^e  *  ^q^  ,  as  indicated  in  Eq.  (5*3),  it  is  seen  that  the 

imaginary  part  of  y  results  in  exponential  growth  and  decay  of  the  wave 
amplitudes  excited  on  the  beam. 

The  above  calculation  of  the  beam  wave  propagation  constants  in  the 
quadrupole  region  is  the  first  step  in  describing  the  interaction  between 
the  beam  and  the  circuit.  The  next  step  is  to  substitute  (5.12)  into 
(5.6)  and  apply  the  beeun  entrance  conditions  to  determine  the  exact  nature 
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of  the  Interaction.  In  doing  this  it  is  necessary  to  note  the  relationships 

which  are  valid  for  the  ne^^tlve  frequency  terms  arising  from  the  choice 
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of  n  ■  -  1  It  can  be  shown  that 


2,-ai,-n 


1,(0,  n 


(5.13) 


It  is  then  found  that,  for  the  present  case,  in  which  the  assumed  quadrupole 
is  exactly  double  the  input  signal  frequency,  the  wave  aaqplitudes  in 
the  quadrupole  region  are  given  in  terms  of  the  entrance  amplitudes  by 


J[a3b  -  +  p^)zl 

Aj^(z)  ■  aj^(o)  cosh  aa  e' 

j[a*  -  (P^  -  P^)z] 

cosh  Otz  e 

C_  J[a*  -  (Pg  -  Pg)*] 

+  —  a|(0)  slnh  Oz  e 
a 

„C_  J[3a*  -  (3P.  -  ^g)^] 

+  >/>  —  a.  (o)  sinh  ob  e 
a  ^ 


(5.14) 


where 


a  -  |cj  . 


(5.15) 


These  expressions  have  been  normalized  so  that  the  svus  of  the  squares  of 

the  amplitudes  of  the  two  frequency  components  represents  the  total  average 

power.  It  is  in  this  connection  that  the  ^  arises  in  the  third  harmonic 

fast  cyclotron  wave  ana'll tude.  The  equivalent  of  (5.14)  has  been  obtained 

by  Bl^tekjaer  and  Wessel-Berg.^  However,  due  to  the  uncorrelated  phase 
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assumption  indicated  above,  their  published  results  cannot  be  used  to 
explain  the  frequency  doubling  interactions  which  are  described  in  this 
chapter. 

Equations  (^.l4)  show  that  an  initial  slow  cyclotron  wave  on  the  beam 
at  the  frequency  (u  grows  in  amplitude  emd  also  gives  rise  to  a  growing 
fast  cyclotron  wave  at  the  third  harmonic  frequency.  An  initial  fast 
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cyclotron  wave  continues  through  the  quadrupole  region  as  a  fast  cyclotron 
wave  at  the  Input  frequency,  but  Its  amplitude  Is  dependent  on  the  phase 
of  the  quadrupole  field.  Since  the  quadrupole  field  Is  produced  by  the 
energy  given  up  to  the  clrc\ilt  by  the  beam,  the  quadrupole  phase  will  be 
determined  by  the  beam  entrance  phase  emd  the  external  loading  on  the 
quadrupole . 

The  fact  that  does  not  appear  In  the  above  discussion  shpws  that 
the  Interactions  which  are  under  consideration  do  not  Involve  the  positively 
polarized  qua.'rupole  field  component.  The  presence  of  this  field  component 
represents  wasted  stored  energy.  Consequently,  for  cyclotron  wave  frequency 
doublers,  the  highest  value  for  the  Interaction  Inpedance  will  be  obtained 
by  using  circularly  polarized  quadrupole  cavities.  However,  practical 
considerations  Involving  the  ease  of  design  and  excitation  of  such 
structures  may  well  dictate  the  use  of  linearly  polarized  quadrupole 
structures . 

2.  Synchronism  Condition  2a:/uQ  -  =  -  2  » 

The  procedure  for  finding  the  perturbed  propagation  constants  for 
the  synchronization  condition 

2(u  (u 

_  _  k  =  .  2  -£  (5.16) 

%  '^0 

is  the  same  as  for  the  previous  case.  Substituting  (5.16)  into  (5.8) 
and  keeping  only  that  portion  of  the  system  deter^nant  (5.7)  which  has 
small  diagonal  terms  yields 

D^(0) 

0 


0 


0  C^  0 

D+(l)  0  C^ 

0  D_(l)  0 

C^  0  D_(0) 


*  0  .  (5.17) 
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It  Is  then  fo\ind  that  the  four  values  of  y  which  are  different  from  the 

unperturbed  solutions  are:  • 

•  • 

7  -  ±  3^  .  (5.18) 


Thie  result  shows  that  the  Interaction  Is  entirely  with  the  positively 
polarized  quadrupole  field  component  while  the  previous  case  Involved 
the  negatively  polarized  field.  The  equations  describing  the  wave 
excitation  In  the  quadrupole  region  are  obtained  by  substituting  (5*18) 
Into  the  amplitude  equations  and  applying  the  conditions  on  the  cyclotron 
waves  at  the  quadrupole  entrance.  Finally,  then,  the  res\ilts  are: 


Aj^(z)  =  a^(0)  cosh  az  +  —  a*(0)  slnh  Ofz 


T  J(a*  -  (6  +  p^)z] 


e‘ 


e  "^c' 


C  Jt3c*  -  (3^g  +  p^)) 

+  —  a^(0)  sinh  Oz  e' 


a 


j[a*  -  (Pg  -  p^)z] 
A2(z)  =  a2(0)  cosh  Oz  e 


(5.19) 


where 


a  = 


(5.20) 


These  equations  are  normalized  so  that  the  sum  of  the  squares  of  the 
amplitudes  of  the  two  frequency  components  gives  the  total  average  power, 
and  as  a  result  the  /T  appears  in  the  third  harmonic  term. 

A  comparison  of  the  above  results  with  those  given  In  (5.1^)  shows 
that  the  roles  of  the  fast  and  slow  cyclotron  waves  have  been  reversed. 
Otherwise,  the  discussion  is  the  same.  Bl/tekjaer  and  Wessel-Berg^^ 
have  discussed  the  present  synchronization  conditions  for  the  case  In 
which  ^  2(u  and  point  out  that  It  can  lead  to  an  oscillator  which 
requires  an  Input.  When  we  discuss  the  second  harmonic  power  output  In 
the  next  two  sections.  It  will  be  seen  that  the  present  Interaction 
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scheme  can  lead  to  more  second  harmonic  power  output  than  fundamental  power 
Input  and  that  an  instability  will  give  rise  to  oscillations  in  a  very 
unusual  fashion. 


C.  POWER  COHVBRSION  EFFICIENCY 

We  now  use  the  results  of  the  last  section  to  study  the  efficiency 
characteristics  of  the  cyclotron-wave  frequency  doublers.  The  device  under 
consideration  here  consists  of  an  input  coupler  that  excites  either  or  both 
of  the  cyclotron  waves  on  a  beam  and  is  followed  by  a  quadrupole  circuit. 
The  quadrupole  has  a  field  con^nent  that  is  synchronous  with  either  the 
fast  or  the  slow  cyclotron  wave,  depending  upon  the  type  of  interaction 
desired.  The  quadrupole  stiructure  is  shorted  at  each  end  to  make  it 
resonant  at  exactly  twice  the  input  signal  frequency.  The  beam  delivers 
energy  to  the  quadrupole,  if  it  is  loaded  properly,  and  second  harmonic 
power  is  available  from  the  cdvity. 

The  second  harmonic  power  which  has  been  given  up  by  the  beam  to  the 
cavity  can  be  calculated  by  determining  the  net  power  decrease  on  the  beam 
as  a  result  of  the  interaction.  This  power  is  obtained  by  calculating  the 
power  carried  by  each  frequency  component  in  (5*1^)  or  (5*19)  and  sub¬ 
tracting  the  cyclotron  wave  input  power. 

1.  The  Fast  Cyclotron-Wave  Doubler 

The  first  synchronism  condition  of  interest  is  the  one  in  which  the 
quadrupole  has  a  traveling-wave  field  component  that  is  synchronous  with 
the  fast  cyclotron  wave.  In  this  case  the  power  given  up  to  the  assumed 
second  harmonic  field  is  calculated  from  (5.1^).  It  is  found  that 


P,  -  -  2 


(laj^(O)l^  +  |a2(0)|^jsinh^  at 


+  slnh  ott  cosh  ott  Re  ^agCO)  ag(0)e"'^^ 


■} 


(5.21) 


where 


C 


Ic.l  , 
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and  ^  Is  the  length  of  the  queidrupole.  This  may  he  written  In  terms 
of  the  entrance  phase  6^  of  the  fast  wave  hy  noting  that 

Re/|a2(0)|e'  ^2(0)!  e  e  >  »  ei^{0)  eL*{0)  cos  {26^  -  .(5.22) 

The  question  as  to  the  validity  of  the  small  signal  power  conservation 
statement  used  In  obtaining  (5.^1)  can  be  raised,  particularly  In  view 
of  the  fact  that  several  frequencies  are  Involved.  However,  we  observe 
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that  (5.21)  Is  the  relation  obtained  by  applying  the  Meuiley-Rowe  equations,^ 
and  In  addition  the  same  resxilt  Is  obtained  below  by  another  approach. 

Since  the  quadrupole  field  which  has  been  assumed  arises  fram  the 
excitation  of  the  circuit  by  the  Input  cyclotron  wave,  there  will  be  a 
relation  between  the  cyclotron  wave  phase  6^  and  the  quadrupole  phase 
which  is  determined  by  the  nature  of  the  load  presented  by  the 
quadrupole.  In  order  to  see  this  more  clearly,  and  to  verify  (5.21),  we 
compute  the  complex  power  given  up  to  the  quadrupole  circuit  by  the  beam. 

This  may  be  done  by  evalxiatlng  the  rf  part  of  the  Integral 

l(x,y,z).J*(x>y,z)<ixdydz  ,  (5-23) 

where  ^  is  the  field  due  to  the  quadrupole  and  J  Is  the  current 
density.  Since  the  beam  is  assumed  to  be  filamentary,  the  current  can 
be  represented  by  a  delta  function  in  the  transverse  plane  so  that 


where 


P 

c 


1 

2 


S(x,y,z).t*(x,y,z)  dz 


t  - 


(5.24) 


(5.25) 


In  the  current  expression  Is  the  charge  per  unit  length  and  v(x,y,z) 
is  the  total  velocity  of  the  beam.  In  the  previous  section  It  was  observed 
that  only  the  positively  polarized  portion  of  the  field  represented  by  C 
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Interacted  strongly  with  the  beam.  After  noting  that,  we  obtain  the 
Important  contribution  by  considering  Eqs.  (5*l)>(5'5)  and  (2.20).  In 
doing  this  It  Is  Important  to  remember  that  x  and  y.  In  (^.1)  are 
real  quantities,  while  In  (2.20)  they  are  complex.  Finally  we  obtain 


n  j(co,t  -  k  z) 

J  C.  (iL  -  A*)  e  ^  ^ 

(e/m)k 


u  t  -  k  z) 

-^C.  (A.  -A|)e'  ^ 

(e/m)k 


u  ^  ^J(a5t-kz) 

(e/m)k  2kaj^ 


(5.26) 


Also,  from  (2.4)  and  (2.13)  we  obtain  the  components  of  the  beam  current 
which  contribute  to  the  second  order  power  expression: 


“  -  J  ~  (\  +  Ag) 

k 

Pn 

“  ‘^O'y  “  ~  ^*1  '  ^2^ 

‘z  '  ‘o  -  Vo  • 


The  complex  power  delivered  to  the  quadrupole  and  its  load  Is  finally  found 
by  combining  (5.24),  (5-26)  and  (5.27),  noting  that  0)^^  =  2co  ,  to  obtain 

P  *  -  2a„(0)  a*(0)  [slnh^  a^t  +  cos(26^  -  ^_)  slnh  oet  cosh  ott] 

-  2aj_(0)  a?(0)'  sinh^  at  +  J2(of(j)  a2(0)  a*(o)  sin(aeQ  -  ^.)  .  (5.28) 
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The  real  part  of  the  complex  power  is  exactly  the  expression  (5«2l)  as  it 
should  be.  We  see  from  (5.28)  that  when  the  loaded  quadrupole  is  excited 
at  resonance,  that  Is,  when  the  reactive  power  Is  zero,  the  phase  Is 
automatically  adjusted  so  that 


(20q  -  ^_)  *  0  or  Jt  .  (5.29) 

The  interpretation  of  this  quantity  is  simple  when  we  note  that  the  phase 
of  either  the  qxxadrupole  field  or  the  beam  wave  represents  a  reference 
time  when  the  field  goes  throvtgh  Its  maximum  value.  That  Is,  we  could 
write  the  time  dependencies  as 

J(ajt  +  ©q)  ja5(t  -  t^) 

e  =  e 

and 


Then  we  have 


(20^  -  =  2cD(t^  -  tg)  s  26  ,  (5.30) 


and  we  see  that  6  represents  the  phase,  referred  to  the  fundamental 
frequency,  of  the  input  fast  cyclotron  wave  with  respect  to  the  quadrupole 
field. 

Finally  then,  substituting  (5-22)  into  (5. 21)  and  using  a  trigonometric 
identity,  the  real  power  delivered  to  the  quadrupole  can  be  written  as 


Ia2(0)r 


=  -  2  sinh  Ofd 


|a,(0)r 

1  + - -  sinh  cet 


Ia2(0)r 


p 

+  (1-2  Bln  9)  cosh  Oft 


(5.31) 
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We  see  that  the  last  term  h^re  can  meike  positive  and  therefore  can 
give  rise  to  power  output  from  the  quadrupole.  It  Is  evident  that 
sin  e  *  ±  1  represents  maximum  second  harmonic  power,  while  sin  6  ■  0 
represents  power  delivered  to  the  beam  by  the  quadrupole.  Two  special 
cases  of  (5-3l)  are  of  Interest. 

First,  consider  the  case  In  which  we  have  a  fast  cyclotron  wave 
entering  the  quadrupole.  This  is  the  case  which  has  been  stiidied  before 
for  05  »  0)^  as  indicated  at  the  beginning  of  this  chapter.  The  power 
conversion  efficiency,  ,  is  now 

T\  =■  -■ — 2 5  =  1  -  cos^  sin^  6  .  (5*32) 

'  Ja2(0)l^ 

We  see  that  the  efficiency  depends  upon  6  (as  shown  above,  6  Is 
determined  by  the  phase  of  the  qustdrupole  load)  and  ott  .  It  is  inter¬ 
esting  to  look  at  the  conversion  efficiency  under  several  conditions. 

First  let  us  look  at  the  naximum  efficiency  attainable  as  a  function 
of  6  .  Differentiating  (5«32)  with  respect  to  ott  and  equating  the 
result  to  zero  determines  the  optimum  Ott  for  that  9  .  For  a  given 
length  this  is  the  same  as  optimizing  the  quadrupole  load.  We  obtain  as 
the  optimum  condition 


ktt- 

e 


..  2  „ 
tan  9 


f 


which,  when  substituted  back  into  (5-32),  gives 


(5.33) 


%  max  “  ^  •  .(5.3'+) 

This  is  plotted  in  Fig.  5.2  along  with  a  similar  curve  calculated,  for 
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a  special  case,  from  a  ballistic  analysis  by  Lindsay  and  Gaunter.  Their 
calculations  were  for  the  case  when  the  signal  frequency  is  equal  to  the 
cyclotron  frequency  while  the  results  here  are  for  arbitrary  to  .  The 
deviation  between  the  curves  is  due  to  the  small  signal  assumptions  Inherent 
in  the  wave  analysis.  Complete  agreement  Is  obtained  If  small  signal 
approximations  are  used  in  the  ballistic  analysis. 
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input  phase  of  the  fast  wave 


—  n 


The  optimum  conditions  are  obviously  6  >  it/2  which,  we  have  shown, 
means  that  the  quadrupole  presents  a  purely  resistive  load  to  the  beam. 

If  the  cyclotron  wave  excitation  Is  not  exactly  at  the  resonemce  of  the 
loaded  quadrupole,  then  6  Is  different  from  it/2  ,  as  Indicated  by  (^.28), 
with  a  resulting  degradation  of  the  doubler  performance  as  shown  In  Fig.  ^.2. 
Using  the  optimum  value  of  0  In  (5*32)  yields 

-  1  -  e'^  .  (5.35) 

• 

This  Is  plotted  In  Fig.  5.3  along  with  the  result  for  smother  case  of 
Interest.  Physically,  this  result  means  that,  due  to  the  assumed  qusidrupole ^ 
fields,  the  energy  carried  by  the  fast  cyclotron  wave  Is  absorbed  by  the 
quadrupole  exponentially.  The  exponential  variation  arises  from  the  linear 
dependence  of  the  electric  field  on  the  transverse  displacement.  The 
naxlmum  amount  of  second  harmonic  power  which  could  be  obtained  Is  Just 
equal  to  the  Input  fundamental  power,  and  In  that  case  the  beam  would 
emerge  from  the  quadrupole  with  no  transverse  modulation.  This  requires 
an  infinitely  long  quadrupole. 

A  second  case  of  (5.21)  that  is  of  significance  arises  when  both  the 

fast  and  slow  cyclotron  waves  have  equal  amplitudes  at  the  quadrupole 

entrance.  It  was  shown  in  Chapter  IV  that  It  is  possible  to  excite  the 

two  cyclotron  waves  equally,  even  though  they  have  vastly  different  phase 

velocities.  Since  the  waves  carry  power  of  opposite  sign  it  is  possible 

to  excite  large  wave  amplitudes  with  a  small  expenditure  of  power  in  the 

coupler.  This  could  lead  to  a  doubler  with  high  conversion  efficiency. 

o  o 

In  this  case  we  have  in  Eq.  (5.21)  ^2(0))  =  |a^(0)|  ,  giving,  on 

s Impll f 1 catl on , 

n  =  1  -  e^*^  +  2  sln^  9  sinh  2ott  -  2  sinh^  Oft  .  (5.36) 

•e 
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We  again  look  for  the  maximum  efficiency  for  values  of  6  by  varying 
Oft  .  The  requirement  obtained  la 


V 


'2  -  cos  26' 
2  +  cos  28 


(5.37) 


By  substituting  (5*37)  Into  (5*36)  amd  making  the  numerical  computation, 
ve  find  the  dependence  of  the  maximum  efficiency  on  6  Is  that  shown  In 
Fig.  5.2.  A  plot  of  (5.31)  for  the  optimum  condition  6  *  «/2  Is  shown 
In  Fig.  5.3>  along  with  the  curve  for  the  previous  case.  In  the  present 
case,  the  maximum  conversion  efficiency  of  2^%  Is  obtained  for  a  finite 
value  of  Ott  . 

These  results  can  be  understood  from  a  physical  viewpoint  by  referring 
to  Eqs.  (5.19).  The  fast  cyclotron  wave  at  the  Input  delivers  Its  power 
to  the  circuit  Just  as  In  the  previous  example,  while  the  slow  cyclotron 
wave  gives  rise  to  two  growing  waves.  One  of  these  waves  Is  at  the  Input 
frequency  and  carries  negative  energy  while  the  other  Is  a  third  harmonic, 
positive  energy  cyclotron  wave.  It  Is  this  growing  third  harmonic  wave 
which  absorbs  energy  back  from  the  quadrupole  and  results  In  the  conversion 
efficiency  reaching  a  maximum  at  2'Ji>  and  then  decreasing  with  larger  values 
of  the  parameter  Of^-  . 

While  It  might  be  expected  that  Just  a  slow  cyclotron  wave  excitation 
at  the  quadrupole  Input  would  lead  to  a  growth  phenomenon.  Inspection  of 
(^.21)  shows  that  the  beam  absorbs  energy  from  the  assumed  fields  In  the 
quadrupole,  again  as  a  result  of  the  third  harmonic,  fast  cyclotron  wave. 

As  a  result,  this  case  is  of  no  Interest  when  the  quadrupole  Is  synchronous 
with  the  fast  cyclotron  wave. 


2.  The  Slow  Cyclotron-Wave  Doubler 

The  second  synchronism  condition  of  importance  is  the  one  In  which 
the  quadrupole  cavity  has  a  field  component  that  Is  synchronous  with  the 
slow  cyclotron  wave.  In  this  case  the  power  given  up  to  the  assvuned 
second  haymonic  field  Is  calculated  from  (5.19).  It  is  found  that 


P 

q 


|ag(0)  l^jsinh^  Oft 


+ 


slnh  Oft  cosh  Oft  Re^a^(O) 


aj^(0)e 


(5.38) 
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If  a^(0)  and  a2(0)  are  Interchanged,  this  result  Is  the  negative  of 
the  power  expression  obtained  In  the  case  of  synchronism  between  the 
fast  cyclotron  wave  and  the  quadrupole  field.  Equation  (^.38)  shows  that 
the  beam  delivers  power  to  the  quadrupole  for  any  beam  entrance  condition. 
The  discussion  regarding  the  relative  phase  between  the  Input  slow  cyclotron 
wave  Euid  the  quadrupole  Is  the  same,  except  that  In  the  present  case  there 
Is  no  maximum  efficiency  for  a  given  phase  relationship.  It  Is  apparent 
that  the  optimum  relationship  Is  given  by 

cos  (20^  -  .  +1  .  (5.39) 

From  (5*17)>  which  Is  correct  here  also.  If  aj^(O)  and  a2(0)  are  Inter¬ 
changed  and  the  sign  of  Is  changed,  we  see  that  this  corresponds  to 
a  purely  resistive  quadrupole  load.  In  this  case  the  second  harmonic 
power  delivered  to  the  quadrupole  Is  given  by 

=  |a^(0)|^  (e^  -  1)  +  |a2(0)|^  (cosh  Post  -  1)  .  (^.ko) 

This  result  Is  plotted  In  Fig.  5.^  for  the  cases  In  which  only  a  fast 

wave  input  Is  supplied  and  In  which  both  Input  waves  have  equal  amplitude. 

The  characteristics  of  the  slow  cyclotron-wave  doublers  are  distinctly 

different  from  those  of  the  preceding  case,  as  would  be  exi>ected.  Since 

a  negative  energy  wave  Is  synchronous  with  the  circuit,  the  beam  gives  up 

some  of  its  dc  energy  to  the  cavity  in  the  form  of  the  second  heirmonlc 

power  dissipated  In  the  quadrupole.  Thus  this  device  cem  be  viewed  as  a 

kind  of  driven  oscillator  that  converts  dc  energy  to  the  second  harmonic 

frequency  under  the  Influence  of  the  fundamental  modulating  signal  on  the 

19 

beam.  This  interaction  has  been  stiadled  by  others  for  the  case  of 
unrelated  beeun  wave  and  quadrupole  frequencies,  and  It  was  noted  that 
power  gain  was  still  possible  In  this  case. 

D.  EFFECT  OF  THE  LOAD  IMPEDANCE 

The  results  obtained  In  the  previous  sections  show  the  nature  of  the 
frequency  doubling  Interactions  employing  a  quadrupole  circuit  Interacting 
with  the  cyclotron  waves,  but  they  do  not  give  a  satisfactory  final 
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FIG.  5. 1+- -Conversion  efficiency  for  a  quadrupole  that  is  synchronous 
with  the  slow  cyclotron  wave. 
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formulation  of  the  problem  since  the  effect  of  the  quadrupole  cavity  load 
liapedance  Is  not  given  explicitly  In  those  equations. 

In  order  to  do  this  ve  require  a  relationship  between  the  growth 
parameter  a  and  the  power  being  delivered  to  the  quadrupole  cavity  and 
the  external  load.  Ve  define  a  loaded  quadrupole  reslstwce  by 


R 


q. 


(5.1^1) 


where  la  the  potential  of  the  quadrupole  circuit,  corresponding  to 
the  field  that  la  synchronous  with  the  beam  wave,  and  Is  the  total 

second  harmonic  power  given  up  to  the  loaded  clrciilt  by  the  beam.  The 
relationship  between  the  coefficients  and  C  and  the  quadrupole 
voltage  c£ui  be  calculated  by  combining  (5*5)  with  (5.1)  and 

integrating  the  electric  field  from  the  axis  of  the  structure  out  to  the 
equlpotentlal  surface  that  defines  the  qiiadrupole  circuit.  In  this  way 
It  is  found  that,  for  either  a  linearly  or  a  circularly  polarized  quadrupole, 
the  potential  is  related  to  the  polarization  coefficients  by 

(e/m)v 

“  ^ - 2  • 

'  “cV 

Finally,  using  (5.^l)r  we  obtain  the  relation 


+  \C_f' 


Now  what  is  really  desired.  In  order  to  make  the  final  results  exhibit 
the  Information  In  the  most  useful  form.  Is  to  express  (5.^3)  In  terms 
of  the  unloaded  quadrupole  cavity  resistance  and  the  power  which  Is 
dissipated  In  the  external  load.  The  loetd  resistance  Is  given  In  terms 
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of  the  vinloaded  value  by 


(5.H) 


while  the  power  delivered  to  the  external  load  is  related  to  the  power 
given  up  by  the  beam  by 


P 


2acL 


1 


(5.^5) 


Finally,  by  substituting  (5-^^)  and  (5*^5)  into  the  desired  results 

are  obtained  in  terms  of  the  Q  of  the  cavity  loaded  by  the  external 
resistance  and  the  power  dissipated  in  the  external  load 


2e/m 


1 


_  p  ext 

2  V  *'q0  2alj  „ 

W  *^0 


(5.^) 


Thus,  Eq,.  (5*^)  can  be  substituted  into  (5.24),  (5.25)  and  (5.4o)  to 
obtain  the  conversion  efficiency  of  the  cycl.tron  wave  frequency  doublers 
in  terms  of  laiown  parameters  and  the  power  on  the  fast  cyclotron  wa,ve  at 
the  quadrupole  entrance.  The  transcendental  equations  obtained  in  this 
way  can  be  solved  numerically  to  obtain  the  desired  results.  In  plotting 
the  efficiency  and  the  second  harmonic  power  output  as  a  function  of  the 
power  input,  it  is  very  convenient  to  form  universal  curves  by  normalizing 
the  power  so  that  the  normalized  power  p  is  related  to  the  actual 
power  P  by 
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8(e/m)* 


2  2 
CO  u.. 
c  0 
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qO 


(5.»t7) 
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Because  the  linearly  polarised  quadnqpole  is  the  most  likely  structusre 
to  be  used,  all  of  the  calculations  carried  out  below  are  for  this  ease. 
However,  the  curves  have  been  nonsallsed  bo  that,-  if  a  circularly  polarljted 
quadrupole  is  of  interest,  it  is  only  necessary  to  replace  by 

in  (^.47)  to  nedw  the  efficiency  evtrves  valid  for  that  situation. 

1.  Fast  Cyclotiron-Wave  Doublers 

The  normalized  second  harmonic  power  that  is  delivered  to  the  load 
can  be  expressed  In  terms  of  the  power  input  on  the  fast  cyclotron  waves 
by  means  of  (5.24),  (5.25),  (5.32)  and  (5.33).  For  the  case  in  which  only 
a  fast  cyclotron  wave  exists  at  the  quadrupole  input  it  is  found  that 


"<D 


1  + 


'ext 


1  -  exp 
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ext 


^2ai 


(5.48) 


If  both  cyclotron  waves  have  equal  aunplitude  at  the  input  the  result  is 


^2a£, 


"(D 


1  + 


'ext 


'ext 


2  1 


sinh  j - Pp,,j  (-  cos  2fi)  -  4  slnh  ^ 


'ext 


«0 


.  (: 


In  these  equations  p^^  is  the  normalized  second  harmonic  power  delivered 
to  the  load  and  p^  is  the  fundamental  power  input  on  the  fast  cyclotron- 
wave. 

The  curve  showing  the  conversion  efficiency  and  output  power  as  a 
function  of  the  input  cyclotron  wave  power,  when  only  the  fast  cyclotron 
wave  is  present,  is  cui^  a  in  Fig.  5.5-  At  low  power  levels  the 
output  power  is  proportional  to  the  square  of  the  input  power  as  can  be 
seen  by  considering  (5.^)  which  approaches 


* 


(5.50) 


.49) 
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on  efficiency  of  the  fast  cyclotron-wave  doubler. 


for  output  power  levels  such  that 


**2011 


S) 


'ext 


The  output  Is  therefore  maxlnum  when  unity.  For  large  output 

power  such  that 


^2aiL 


> 


the  conversion  efficiency  approaches  a  constant  so  that  the  output  power 
becomes  a  linear  function  of  the  Input  power 


1 


**2ail  * 


S) 


(5.51) 


From  these  results  it  is  api>arent  that  the  optimum  value  of 

is  dependent  upon  the  input  power.  For  low  level  operation  It  Is  desirable 

to  make  Q  . 

ext 

be  large.  Generally,  it  is  safe  to  assume  that  high  conversion  efficiencies 
are  desirable  and  the  usual  operation  of  the  frequency  doubler  would  be  In 
the  region  for  which  (5*51)  is  valid. 

The  characteristics  of  the  frequency  doubler  when  the  Input  to  the 
quadrupole  consists  of  fast  and  slow  cyclotron  waves  of  equal  amplitude 
Is  somewhat  more  complex  than  the  previous  case,  as  Is  evidenced  by 
Eq.  (5* ^9)-  The  conversion  efficiency  as  a  function  of  the  input  power 
on  the  fast  cyclotron  wave  Is  curve  b  In  Fig.  It  was  ix>lnted  out 

In  the  previous  section  that  the  efficiency  of  a  doubler  operating  In 
this  way  reaches  a  maximum  and  then  decreeuses  due  to  a  growing  third 
hemnonlc  wave  on  the  electron  beam.  This  Is  reflected  In  Fig.  where 


/Qq  unity,  while  for  high  level  operation  should 
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the  maximum  efficiency  which  can  be  attained  la 


0.27 


•max 


1  + 


*ext 

«0 


(5.52) 


The  output  power  at  maximum  efficiency  la 


and  the  Input  is 


^2aii 


0.25 


“ext 


P,,  =  0.93  fl  + 


'ext; 


(5.53) 


(5.5^^) 


The  efficiency  decreases  slowly  with  increased  Input  power  and  the  output 
power  saturates  at  a  value  given  by 


^2011 


1.1 


sat 


“ext 


(5.55) 


On  the  other  hand^  at  low  power  levels  the  output  is  given  by 


^2aii 


1  + 


“ext/ 


/  Q. 
1  + 


•ext 


(5.56) 


which  is  four  times  the  value  for  the  case  in  which  there  is  only  a  fast 
wave  entering  the  quadrupole.  As  before,  the  optimum  value  of 
is  dependent  upon  the  input  power,  but  in  general  the  operation  will  be 
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near  the  maxlnnim  conversion  efficiency  where  it  lo  desirable  to  load  the 
cavity  heavily. 

Although  the  conversion  efficiency  in  the  quadrupole  is  found  to  be 
snail  in  the  equal  fast  «md  slow  cyclotron  wave  doubler,  the  possibility 
of  gain  in  the  twisted  input  coupler  described  in  Chapter  IV  malces  this 
device  a  significant  competitor  of  the  more  usual  fast  cyclotron  wave 
doubler.  As  far  as  overall  efficiency  is  concerned,  it  would  even  be 
possible  to  exceed  one  hundred  per  cent  conversion  efficiency;  that  is, 
the  second  harmonic  output  can  exceed  the  fundamental  input. 

The  amount  of  second  harmonic  power  that  can  be  obtained  from  either 
of  the  frequency  doublers  described  above  is  determined  by  the  beam 
interception  conditions  in  the  quaulrupole.  The  maximum  input  power  for 
the  first  doubling  scheme  described  above  is  that  power  which  causes 
interception  at  the  qviadrupole  entrance  since  the  wave  amplitude  decays 
exponentially  inside  of  the  quadrUpole.  The  same  interception  condition 
can  usually  be  used  in  the  case  In  which  there  are  equal  amplitude  fast 
and  slow  waves  at  the  input,  since  it  is  found  that  the  beam  expands  a 
negligible  aunount  when  the  operation  is  adjusted  to  the  peak  of  the 
efficiency  curve  shown  in  Fig.  5*5. 


2.  Slow  Cyclotron -Wave  Doublers 


In  this  case,  the  normalized  power  expressions  are  obtained  by 
substituting  (5«**-7)»  (5-^),  and  (5*^5)  into  (5«38)  or  (5.*tO).  For  the 
optimum  case  with  only  a  slow  wave  input  we  obtain 


while,  if  both  the  fast  and  slow  cyclotron  waves  have  equal  input  magnitudes 
and  the  correct  phase  relationship  so  that  6  in  (^.38)  is  zero,  the 


efficiency  Is 


^2aL 


1  + 


Sxt 

Sd 


exp 


P2si,  -  M  •  (5.58) 


As  before,  second  harmonic  pover  delivered  to  the  load  and 

p^  is  the  fundamental  power  Input  on  the  fast  cyclotron  wave. 

The  curves  shoving  the  conversion  efficiency  as  a  function  of  the 
Input  power  are  given  In  Fig.  5.6.  It  can  be  seen  that  the  efficiency 
characteristics  of  the  slow  cyclotron-wave  doublers  are  distinctly 
different  from  those  of  the  fast  cyclotron-wave  doublers.  The  conversion 
efficiency  of  the  quadrupole  doubler  that  Is  synchronous  with  the  slow 
cyclotron  wave  can  be  greater  than  one  hundred  per  cent  for  either 
excitation  shown  In  Fig.  ^.6.  This  result  simply  means  that  some  of  the 
dc  beam  power  Is  being  converted  to  second  harmonic  power  under  the 
Influence  of  the  fundamental  modulating  signal. 

We  observe  that  the  small-signal  theory  sets  a  limit  on  the  fundamental 
cyclotron  wave  input  power  that  yields  a  stable  frequency  doubling  inter¬ 
action,  and  If  the  power  Is  Increased  beyond  this  point  the  quadrupole 
efficiency  will  Increase  until  nonlinearlties  cause  saturation.  This 
behavior  is  very  much  like  that  which  occurs  in  a  monotron  oscillator, 
except  that  In  the  present  case  there  Is  no  rf  field  at  the  equilibrium 
position  of  the  filamentary  beam.  Consequently,  the  start  oscillation 
condition  is  related  to  the  fundamental  power  input, which  contains  both 
the  beam  current  and  the  displacement  of  the  beam  from  the  axis.  This 
phenomenon  sets  a  limit  to  the  conversion  efficiency  that  can  be  obtained 
with  a  given  value  of  • 

The  external  loading  required  to  achieve  the  msuclmum  conversion 
efficiency  Is  dependent  upon  the  operating  conditions.  In  principle, 
the  maximum  efficiency  of  390  per  cent  Is  obtained  when  the  quadrupole  Is 
loaded  heavily  so  that  approaches  zero.  Ifowever,  the  practical 

matter  of  beam  Interception  modifies  this  picture.  Figure  ^.6  shows  that 
the  Input  power  required  to  obtain  the  mELXlmum  efficiency  Increases  with 
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FIG.  5.6“-C(Miv«rsion  efficiency  of  the  slow  cyclotron-wave  frequency 
doubler. 
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decreasing  ^  would,  require  an  Infinite  Input  signal  In 

order  to  obtain  the  peak  effleleney.  Thus,  we  see  that  the  »«mi 
efficiency  will  be  less  than  390  per  cent,  and  that  this  hm  vlU  be 
determined  by  the  Interception  conditions  In  the  quadrupole. 

It  Is  of  Interest  to  Investigate  the  conditions  that  must  be  oiet  In 
order  to  obtain  the  maximum  efficiency  from  the  doublers  described  above. 

In  order  to  do  this  the  beam  excursion  In  the  quadrupole  must  be  calculated 
by  substituting  (3.19)  Into  (2.20).  The  expression  for  the  maximum  amplitude 
obtained  In  this  way  can  be  written  Invtermsfof  the  normalized  variables 
Introduced  In  this  section,  euid  it  Is  found  that  the  meoclmum  excursion 
Is  related  to  the  second  harmonic  power  by  a  simple  expression.  In  the 
case  of  a  slow  wave  input  only  we  obtain 


while  for  equal  fast  emd  slow  vave  Inputs 


(5.59) 


'ext 


^2ai 


(5.6o) 


where  r(o)  Is  the  initial  maximum  excursion  and  r  Is  the  maximum 

ID 

excursion  within  the  qumuirupole  at  a  load  power  level  Pp^^j  . 

These  results  can  be  combined  with  the  efficiency  characteristics 
shown  in  Fig.  5*6  to  obtain  the  optimum  operating  conditions  for  the  slow- 
wave  doublers.  The  value  of  Pg„j  at  the  limit  points  In  the 

flguM  Is  2.55  for  a  slow  wave  Input  emd  1.8l  for  equal  Inputs  of  the  two 
waves.  By  using  these  values  In  (3.59)  mnd  (3.6o),  we  obtain  the  maximum 
excursion  In  terms  of  the  Inltleil  maximum  excursion 


r^  «  2.22  r(0) 
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and 


r  -  1.70  r(0)  , 

01 

respectively.  Then  the  greatest  efficiency  Is  obtained  when  r  Is 

m 

equal  to  the  maximum  excursion  allowed  without  beam  Interception,  that 
Is,  the  qmdrupole  radius  minus  the  beeun  radius.  Consequently,  the 
maximum  efficiency  will  be  obtained  when  the  Inimt  power  level  Is  adjusted 
so  that  the  Initial  mEoclmum  excursion  Is  related  to  the  beam  excursion 
that  causes  Interception  by  the  appropriate  expression  above,  and  then  the 
coupling  to  the  external  circuit  is  Eidjusted  so  that  the  maximum  output 
without  Interception  Is  obtained.  The  actual  efficiency  obtained  In 
this  way  Is  dependent  upon  the  quadrupole  parameters,  but  we  may  say  that, 
by  adjusting  the  length  or  of  the  quadrupole,  large  conversion 

efficiencies  can  be  obtained. 

E.  SUMHARY  OF  CYCLOTRON-WAVE  DOUBLERS 

The  analysis  presented  In  this  chapter  has  shown  that  the  two  basic 
:type8  of  cyclotron-wave  frequency  doublers  involve  a  quadrupole  circuit 
that  Is  synchronous  with  either  the  fast  or  the  slow  cyclotron  wave. 

The  first  case  results  in  a  maximum  conversion  efficiency  of  one  hundred 
per  cent,  while  the  slow  wave  interactions  are  characterized  by  an 
efficiency  that  may  exceed  one  hundred  per  cent.  Consequently,  the  latter 
case  is  of  considerable  Interest  as  far  as  high  efficiency  frequency 
doubling  Is  concerned.  However,  these  devices  have  the  dlsadvEmtage  of 
requiring  circuits  with  much  smaller  phase  velocities  than  does  the  fast 
cyclotron-wave  doubler.  This  is  detrimental  because  the  Interaction 
impedances  of  the  lower  phase  velocity  circuits  are  generally  smaller, 
and  because  the  thin  beeun  assumption  Is  not  as  good  an  approximation  as 
the  wavelength  of  the  circuit  wave  decreases.  Even  so,  the  slow  wave 
doublers  should,  with  proper  circxilt  and  beam  design,  result  In  much 
higher  efficiencies  than  axe  obtainable  by  meeus  of  passive  interactions. 

The  quadrupole  Interactions  with  the  synchronous  waves  that  result 
in  frequency  doubling  sxe  considered  In  the  next  chapter.  In  general. 
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It  Is  found  that  the  synchronous -wave  doublers  are  analogous  to  the  cyclotron- 
wave  doublers^  and  a  more  complete  summary  of  transverse -wave  frequency 
doublers  is  given  at  the  end  of  that  chapter.  In  particular  we  can  say 
that  the  active  frequency  doubling  mechanisms  en^loylng  the  synchronous 
waves  look  more  attractive  than  those  involving  the  cyclotron  waves  be¬ 
cause  of  the  different  circuit  velocity  requirement. 


CHAPTER  VI 


SYNCHRONOUS  WAVE  FREQUENCY  DOUBLERS 

The  general  approach  to  the  analysis  of  transverse  wave  interactions 
which  is  offered  by  the  Bl/itekjaer  and  Wessel-Berg  coupled-mode  theory 
outlined  In  Chapter  V.A  leads  naturally  to  the  discussion  of  synchronous 
wave  frequency  doubling  interactions  as  well  as  of  the  cyclotron  wave 
doubling  schemes  presented  in  Chapter  V.  This  is  a  new  class  of  frequency 
doubling  Interactions  which  can  be  expected  to  leeul  to  devices  that  are 
different  from  those  employing  the  cyclotron  wave.  This  difference  is 
a  result  of  the  Identical  phase  velocities  of  the  two  synchronous  waves, 
and  the  new  role  played  by  the  negative  energy  beam  wave.  The  purpose 
of  this  chapter  Is  to  develop  the  theory  of  this  new  class  of  devices 
and  to  compare  their  ultimate  capabilities  with  those  of  the  cyclotron 
wave  doublers. 

The  synchronous  wave  frequency  doubler  consists  of  an  input  coupler 
which  excites  a  combination  of  the  two  synchronous  waves  on  the  beam 
and  an  output  quadrupole  cavity  in  which  the  frequency  conversion  actually 
tadces  place.  The  coupler  theory  has  been  presented  earlier,  smd  so  we 
are  primarily  concerned  with  the  quadrupole  interactions  here.  The 
analysis  properly  begins  with  Section  A  of  Chapter  V,  where  the  basic 
coupled  mode  description  of  quadrupole  interactions  is  described.  The 
discussion  will  begin  with  the  solution  of  Eqs.  (^.6)  for  the  synchronism 
conditions  which  lead  to  strong  interaction  between  the  quadrupole  cavity 
and  the  synchronous  waves  on  the  beeun.  The  assuaiptlons  involved  In  this 
chapter  sure  the  same  as  those  described  in  the  Introductory  comments  and 
In  Section  A  of  Chapter  V.  Basically,  these  are  the  assumptions  that 
the  beeun  Interacts  with  only  one  traveling-wave  component  of  the  field  in 
the  resonemt  cavity,  and  the  flllmenteu:y  beam  assumptions.  The  statements 
which  [were  made  in  Chapter  V  regeu^lng  the  validity  of  these  approximations 
eu^  generally  true  In  the  present  ease  also. 
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A.  SOLUTION  OF  THE  COUPLED  lODB  EQUATIONS 


It  has  been  noted  that  one  of  the  synchronism  conditions  which  lead 
to  perturbed  solutions  of  (5*6)  !• 


That  isj  there  will  be  a  strong  Interaction  between  the  synchronous  waves 
on  the  beam  and  the  quadrupole  cavl^  when  the  phase  v(|loclty  of  a  travel¬ 
ing-wave  component  of  the  field  is  equal  to  the  beam  velocity.  The  solu¬ 
tions  of  (5-6)  which  were  obtained  in  the  reference  are,  as  in  the  previous 
case,  inadequate  for  the  discussion  of  frequency  doublers  because  it  was 
assumed  that  there  was  no  correlation  between  the  synchronous  wave  signal 
input  and  the  quadrupole  field.  We  therefore  begin  the  discussion  with 
an  evaluation  of  the  perturbation  in  the  propeigation  constant  perturbation 
7  ,  and  the  wave  amplitudes  for  the  synchronism  condition  (6.1). 

It  is  reasonable  to  neglect  the  cyclotron  waves  in  the  discussion  of 
(5.6)  sincf!  there  will  be  no  cumulative  interaction  in  a  long  quadrupole 
for  the  condition  given  in  (6.1).  Also,  a  first  approximation  will  be 
to  neglect  all  frequencies  other  than  co  ,  od  ,  and  -  ci>  as 

was  done  for  the  cyclotron  wave  case.  However,  it  will  be  found  here  that 
this  assumption  is  valid  only  if  the  quadrupole  is  circularly  polarized 
and  that  the  solution  for  the  case  in  which  the  quadrupole  is  linearly 
polarized  must  be  obtained  by  a  more  rigorous  approach  which  involves 
all  frequency  combinations.  It  will  be  found  that,  for  the  linearly 
polarized  case,  the  three-frequency  expressions  are  valid  at  low  power 
levels,  while  for  larger  power  output  these  solutions  result  in 
significant  errors. 

1.  Three “Frequency  Solution 

On  the  basis  of  the  above  comments  we  obtain  from  (^.6)  a  set  of 
six  equations  which  relate  the  a^llttxies  of  the  synchronous  waves  at 
the  frequencies  represented  by  n  «  0  ,  ±1  .  These  equations  are 
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homogeneous  and  the  requirement  that  they  have  a  nontrivial  solution  Is 
that  the  system  determinant  vanish;  that  is, 


0  0 

0  0 

0  0  . -Jy 

0  c*  0 
0  c* 

0  0 


0  c*  0 

c_  0  c* 

0  c.  0 

-Jr  0  0 

0  -Jr  0 

0  0  -Jy 


■  0  ,  (6.2) 


Evaluation  of  this  determinant  yields  a  sixth-order  equation  which  can 
be  expressed  as  the  product  of  two  cubic  equations.  The  determlnantal 
equation  Is  then: 


7+7 


There  are  two  unperturbed  solutions 


(6.3) 


7i  =  rg  =  0  >  (6-*^) 

and  four  perturbed  solutions 

73  »  ri^  =  +  J  VC^C*  +  C_C^’ 

75  =  rg  *  -  J  +  c_c*'  .  (6.5) 

The  substitution  of  (6.3)  Into  the  equations  which  gave  (6.3)  results  In 
simple  expressions  for  the  perturbed  wave  amplitudes,  at  synchronism, 
and  we  shall  restrict  the  discussion  to  that  case  since  It  reveals  cdl 
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of  the  characteristic  phenomena  involved.  The  synchronous  waves  in  the 
quadrupole  are  given  by 


a-(0)  cosh  Ctt  +  —  a*(0)  sinh  Cte 

^  a  ^ 


J(a*  -  ^gZ) 


^  C  j3(ojb  -  p  z) 

+  yf  —  ^  * 

a 


(6.6) 


A4  = 


a^(0)  cosh  qei  +  —  ajf(O)  sinh  ctz 

^  a 


1  J(«4  “  P  2) 


+  —  a_(0)  sinh  Oz  e"- 

a  ^ 


J3(cf<;  -  p  z) 


(6.7) 


where  a  is  now 


a  =  7  c  C*  +  C  C* 


(6.8) 


These  results  are  valid  for  arbitrary  quadrupole  polarization.  In 
arriving  at  (6.6)  and  (6.7)  it  was  assumed  that  <0^  =  2a)  ,  which  is 

the  case  in  a  frequency  doubler.  The  ^  factor  in  the  third  harmonic 
term  arises  because  the  amplitudes  are  normalized  so  that  their  square 
gives  the  power  carried  by  that  wave. 

Equations  (6.6)  and  (6.7)  indicate  that,  in  general,  the  initial 
excitation  of  either  synchronous  wave  results  In  a  subsequent  complex 
spatial  variation  of  that  wave  amplitude  and  also  a  growing  third  harmonic 
synchronous  of  the  opposite  polarization.  These  results  are  very  similar 
to  (5.14)  except  that  in  the  present  case  the  form  of  the  equation  for 
each  synchronous  wave  is  the  same,  this  being  a  manifestation  of  the 
identical  phase  velocities  of  the  two  waves.  However,  it  must  be  pointed 
out  that  the  validity  of  (6.6)  and  (6.7)  is  open  to  question  in  the  case 
of  a  linearly  polarized  quadrupole  because  of  the  assumption  that  the 
finite  set  of  equations  employed  in  (6.3)  is  an  accurate  description  of 
the  system.  It  is  observed  that  the  diagonal  elements  of  (6.3)  are  all 
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of  the  eane  order  of  magnltvide,  and  that  this  would  he  true  If  ve 
had  esqployed  the  Infinite  determinant  which  represente  edl  values  of  n  . 
Thus,  to  first  order  in  the  quadrupole  field  amplitude,  all  values  of 
n  '  must  be  retained.  This  was  not  the  ease  in  the  cyclotron  wave  discussion 
given  in  the  previous  chapter.  It  is  therefore  necessary  to  carry  out  a 
more  rigorous  discussion  of  the  solution  of  Eqs.  (?.6)  for  the  synchronism 
conditions  stated  in  (6.1)  when  both  and  C  are  nonzero. 

2.  Exact  Solution 

The  arguments  stated  at  the  beginning  of  this  section  for  neglecting 
the  cyclotron  waves  in  the  discussion  of  the  synchronism  conditions  (6.1) 
au:e  generally  valid,  and  we  neglect  the  cyclotron  waves  in  the  exact 
solution  of  (3*6).  To  simplify  the  discussion  we  assume  (6.1)  is  satisfied 
so  that  the  eqviatlons  for  the  synchronous  wave  amplitudes  can  be  written 

-  “  ^-%,n  -  1  *  °^4,n  +  1 

-  J’'%,n  “  V3,n  -  1  ^  ‘^>3,n  +  1  * 

The  approach  which  will  be  used  here  to  solve  this  set  of  difference 

equations  was  pointed  out  to  the  author  by  Bl^;tekjaer  who  found  the 
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solution  to  a  similar  transverse  wave  problem  in  the  same  way. 

Equations  (6.9)  can  be  combined  to  yield  a  single  difference  equation 
relating  the  Eunplltudes  of  the  different  frequency  cbn^nents  of  each  type 
of  synchronous  wave.  For  the  positive  energy  wave  amplitudes  we  obtain 

<^y-*  “3,n»2  *  %n  *  “3,n-2  '  °  ' 

Euld  a  similar  equation  holds  for  the  negative  energy  wave  auplltudes. 

Now  it  is  a  legitimate  step  to  phoose  the  phase  of  the  quadrupole  fields 
and  then  later  determine  the  necessary  input  phase  for  the  synchronous 
waves  with  respect  to  the  assumed  quadrupole  phase.  Thus,  since  the 
quadrupole  is  assumed  to  be  linearly  polarized,  we  can  choose 

-  C_  .  C  -  |C|  .  (6.11) 
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As  a  result  of  this  choice  (6.10)  becomes 


+  +  -  0  ,  (6.12) 

where  the  subscript  denoting  the  synchronous  wave  Involved  has  been  drapped 
because  the  eqwtlon  Is  applicable  for  both  a^  ^  and  a^^  ^  .  The 

solution  to  (6.12)  Is  obtained  by  assuming  that  the  various  frequency 
con^nents  are  of  the  general  form 


JnO 


(6.13) 


where  8  Is  a  parameter  which  facilitates  the  mathematical  solution  of 
(6.12).  Substituting  (6.13)  Into  (6.JL2)  yields 

^  =  ±  J2  COB  0  .  (6.14) 

By  using  (6.14)  and  (5*3)>  it  Is  found  that  a  solution  for  the  waves 
described,  by  (6.12)  is 


a,(0) 


e-i-®  a:®  J 


(a>  +  ncD^)t 


-  (±  J2C  cos  0  + 


no) 


(6.15) 


The  most  general  solution  Is  obtained  by  summing  over  all  possible  solutions 
or,  In  this  case,  by  Integrating  over  all  permissible  values  of  6  .  As 
noted  In  the  reference  cited  above,  the  condition  that  only  the  fundamental 
frequency  con^nents  are  nonzero  at  z  «  0  Is  sufficient  to  require  that 
6  be  real  and  that  a  satisfactory  range  of  Integration  Is  +  . 

As  a  resvilt  of  the  choice  of  signs  In  (6.14)  two  solutions  sure  found,  as 
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described  above,  aod  the  most  general  solutloa  to  the  problem  Is  a  linear 
combination  of  these.  Finally  then  the  general  solutions  for  the  positive 
and  negative  energy  synchronous  wave  excitation  In  the  quadrupole  are 


In(2Cz)  e' 

fel-o 


J(<i>+  na>  )(t  -  s/uq) 


ov 

|in^|»0 


j(tD+  DO)  )(t  -  z/Uq) 


.  (6.16) 


These  equations  were  obtained  as  solutions  to  (6.12)  and  are  quite  general. 
We  note,  however,  that  (6.12)  will  generate  only  solutions  with  even  n  , 
beginning  with  the  amplitude  a^  .  For  this  half  of  the  solutions  It  Is 


evident  that 


a  +  b  a  1 


c  +  d  a  1  . 


(6.17) 


The  other  half  of  the  solutions  Is  obtained  by  substituting  (6.13)  sud 
(6.lU)  Into  (6.9)  with  0=1  to  obtain 


^  %,0  * 


7  a  eJ® 


(6.18) 


^y  averaging  over  6  as  before  and  matching  the  Initial  conditions,  we 
obtain 


a  -  b  a 
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and 


Finally  then,  by  noting  the  relation' 


19 


a-  “  a 

%-(a,-n 


^,tD,n 


(6.19) 


(6.20) 


and  setting  >  2m  ,  we  obtain  the  complete  expressions  for  the 
synchronous  waves  in  the  quadrupole  region: 


«•  ^  ‘J2a 


+  1 
n>0 


)  I^(^/2’a^) 


ji+j(2n  +  l)m(t  -  z/uq)  (6.21) 


^  .y2n  +  1' 


n>0 


1-/^“ 


^+J(2n  +  l)(to(t  -  z/uq)  .  (6.22) 


In  these  equations  a  is  given  by  (6.8)  and  the  upper  wave  amplitude  is 
to  be  used  if  n  is  even  and  the  lower  if  n  is  odd.  The  factor 
Van  +  1*  has  "been  -Inserted  in  order  to  normalize  the  amplitudes  so  that 
their  sq\»re  is  the  power  carried  by  that  wave.  This  Is  a  result  of 
the  m  which  appears  in  (2.l4). 
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Equations  (6.21)  and  (6.22)  are  to  be  conpared  with  the  approximate 
solutions  given  In  (6.6)  and  (6.7)*  a  vetOc  Interaction,  so  that  only 
the  first  power  of  om  Is  retained  In  the  series  expansions  of  slnh  om 
and  |>/2'amj  ,  the  three-frequency  and  the  exact  analyses  agree  as 

would  be  expected.  However,  for  stronger  Interactions  the  exact  polutlon 
shows  that  higher  order,  odd  frequency  harmonics  on  the  beam  become 
Important.  The  only  frequency  component  on  the  quadrupole  Is  still  the 
second  harmonic,  but  the  calculation  of  the  power  delivered  to  the 
quadrupole  will  be  greatly  modified  for  strong  Interactions  as  will  be 
shown  in  the  next  section. 


B.  CALCULATION  OF  SECOND  HARJONIC  POWER 

The  second  harmonic  power  which  has  been  dissipated  in  the  quadrupole 
and  its  load,  in  the  process  of  establishing  the  beam  waves  described  in 
the  previous  section,  is  obtained  by  calculating  the  power  lost  by  the 
beam  in  the  quadrupole  region.  In  the  case  of  a  circularly  polarized 
quadrupole,  Bqs.  (6.6)  and  (6.7)  can  be  used  for  this  calculation.  For 
a  linearly  polarized  quadrupole  the  three-frequency  solution  is  not  valid 
at  high  power  levels  and  so  exact  wave  expressions  given  by  (6.21)  and 
(6.22)  must  be  used. 

The  power  delivered  to  the  quadrupole  by  the  beam  is  found  by 
computing  the  net  negative  power  on  the  beam  at  the  quadrupole  exit  and 
subtiTactlng  net  negative  beam  power  at  the  input  end  of  the  quadrupole 
cavity.  Determination  of  this  power  from  the  three -frequency  wave 
solutions  (6.6)  and  (6.7)  yields 


2m 


14(0)1^  1  -  3 


a 


-  |a3(0)|‘ 


C_ 

2 

1  -  3 

1 

a 

+ 

a 

] 

Isinh 


C  C 

-=■  |aj^(0)|^  cos  2e^^  -  —  183(0)!^  COB  263 


sinh  2C(C'  ,  (6.23) 


where  ^  is  the  length  of  the  quadrupole  cavity  and  ^3  and  sure 
the  respective  phases  of  the  positively  and  negatively  polarized 


at 
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synchronous  waves.  The  phases  of  the  qwidrupole  field  components  represented 
by  and  C  have  been  chosen  to  be  zero  as  described  In  the  previous 
section.  Both  polarizations  have  been  retained  In  (6.23)>  as  It  causes 
no  difficulty  to  do  so  emd  It  will  allow  a  coDq;>arlson  between  the  approximate 
and  exact  solutions  for  the  linearly  polarized  case. 

The  Interpretation  of  the  Input  synchronous  wave  phases  In  (6.23) 
can  be  Investigated  In  the  same  way  as  was  done  for  the  cyclotron  wave 
case  by  calculating  the  complex  power  delivered  to  the  quadrupole  cavity 
by  the  beam.  If  the  quadrupole  is  circularly  polarized,  the  discussion 
is  exactly  the  same  as  in  Chapter  V.C.  If  the  circuit  is  linearly 
polarized,  the  situation  Is  altered.  The  complex  power  delivered  to 
the  quadrupole  cavity  can  be  calciilated  by  means  of  (3 •13)  equations 
corresponding  to  (5*15)  and  (5-16)  involving  the  synchronous  wave  amplitudes. 
Vnien  this  power  is  calculated,  it  is  observed  that  a  fifth  harmonic  term 
arises  In  the  electric  field  expressions  which  correspond  to  (5.15).  This 
frequency  does  not  appear  In  the  wave  amplitude  expressions  (6.6)  emd 
(6.7)  and  this  result  is  an  indication  that  the  assumed  three-frequency 
solution  is  not  consistent  with  the  original  equations.  However,  since 
we  have  neglected  the  higher  frequency  terms  in  (6.7),  there  Is  no  fifth 
harmonic  current  to  go  into  the  power  calculation  and  the  real  part  of 
the  complex  power  calculated  in  this  w^  agrees  with  (6.23).  The  reactive 
power  absorbed  by  the  quadrupole  and  load  has  terms  proportional  to 

sin  2©^ 

and 

|aj^(0)|^  sin  20^  ,  (6.26) 

which  must  be  zero  at  the  quadrupole  resoneuit  frequency.  As  a  result  of 
these  considerations,  and  Inspection  of  (6.23),  it  is  concluded  that  the 
quadrupole  fields  will  In  general  be  set  up  so  that  the  phases  of  the 
beam  waves  with  respect  to  the  quadrupole  field  of  the  same  polarization 
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are  gives 


e. 


£  .  2s. 
2  *  2 


and 


0j^  «  0  ,  « 


(6.27) 


1.  Poeltlvely  Polarized  Quadrupole 

The  basic  Interactions  represented  in  (6.23)  fall  Into  three  categortes. 
The  first  Is  the  case  In  which  the  quadrupole  cavity  has  only  a  positively 
polarized  field  component.  That  Is,  It  is  polarized  like  the  Input 
synchronous  wave  which  cqgrries  positive  energy.  The  quadrupole  field  will 
be  set  up  so  that  0^  Is  given  by  (6.27)  for  any  angular  orientation  of 
the  quadrupole  cavity.  The  second  harmonic  power  dissipated  In  the  cavity 
and  Its  load  is  obtained  from  (6.8)  and  (6.23): 


2a, 


-  2 


1.3(0) I' 


slnh^  Oft  + 


ift3(o)r 


slnh  2Q(t.  (6.28) 


This  Is  exactly  aneilagous  to  the  result  obtained  In  Chapter  V  for  the 
case  In  which  the  quadrupole  was  synchronous  with  the  fast  cyclotron  wave. 
The  characteristics  of  the  synchronous  wave  Interactions  are  the  seune  as 
described  for  the  cyclotron  wave  case.  When  only  the  positive  energy 
synchronous  wave  is  excited  by  the  Input  coupler,  it  Is  foiind  that  the 
beam  wave  energy  Is  transferred  to  the  quadrupole  as  Indicated  by  curve  a 
In  Fig.  ^.3.  When  both  synchronous  waves  are  excited  with  eqvial  amplitude 
on  the  beeun,  as  would  be  the  case  with  a  llnecurly  polarized  Input  coupler, 
the  power  output  Is  the  same  as  described  by  curve  b  In  Fig.  ^.3. 

As  a  result  of  the  above  discussion  It  can  be  concluded  that  the 
interactions  Involved  In  a  positively  polarized  quadrupole  offer  no  basic 
eidvantages  over  the  cyclotron  wave  doubler  In  which  the  quadrupole  Is 
synchronous  with  the  fast  cyclotron  wave. 
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It  l8  true  that  the  eynchronoue  waves  offer  the  etdvantage  of  a 
synchronism  condition  which  Is  Independent  of  the  magnetic  field.  However, 
this  must  he  weighed  against  the  reduction  In  circuit  i^se  velocity,  and 
therefore  Interaction  Impedance,  which  results  when  synchronous  wave  Inter¬ 
actions  are  used. 

2.  Negatively  Polarized  Quadrupole 

In  this  case  the  quadrupole  Is  polarized  In  the  scune  direction  as  the 
synchronous  wave  which  carries  negative  power.  The  phase  of  the  resonant 
quadrupole  will  again  adjust  Itself  so  that  satisfies  (6.27).  The 
second  harmonic  power  dissipated  In  the  cavity  arid  its  load  Is  obtained 
from  (6.8)  and  (6.23): 


2a> 


+  2 


,(0)l' 


|a3(0f 


slnh^  at  +  |a.  (0)p  slnh  2c»t  .  (6.29) 


This  Is  exactly  analogous  to  the  resiilt  obtained  In  Chapter  V  for  the  case 
In  which  the  quadrupole  was  synchronous  with  the  slow  cyclotron  wave.  As 
In  that  case,  the  Interaction  Is  one  which  can  lead  to  appreciable  gain 
If  either  synchronous  wave  exists  on  the  beeun  at  the  quadrupole  entrance. 
Curves  showing  the  total  second  harmonic  power  as  a  function  of  the 
growth  parameter  art  are  given  In  Fig.  ^.4  for  the  case  of  one  synchronous 
wave  Input,  or  equal  amplitudes  of  both  synchronous  waves.  The  actual 
power  which  Is  delivered  to  the  load  as  a  function  of  the  Input 
synchronous  wave  power  Is  discussed  In  the  next  section  where  the 
matching  of  the  cavity  to  the  external  load  Is  taken  Into  consideration. 

Although  the  negatively  polarized  quadrupole  Interacting  with  the 
synchronous  waves  results  in  the  same  equations  as  In  the  case  Involving 
the  cyclotron  waves  cited  above,  the  present  situation  has  the  advantages 
of  allowing  the  use  of  higher  phase  velocity  circuits  emd  allowing  the 
synchronism  condition  to  be  Independent  of  the  magnetic  field.  For  these 
reasons  the  present  scheme  Is  preferable  to  the  slow  cyclotron  wave 
Interaction. 

3.  Llneetrly  Polarized  ftviadrupole 

In  this  case  the  quadrupole  fields  C€Ui  be  obtained  from  (?.l)  and(^.3) 


122 


and  are  given  lay 


-  +  y  ^  2Cx  sin  (a>^t  -  k^z) 

“/.“ft 

E  -  -  -2-H  2Cy  Bln  (to  t  -  k  z)  ,  (6.30) 

y  e/m  <14 

where 


«  C_  -  C  . 


(6.31) 


The  quadrupole  field  configuration  Is  shown  in  Fig.  3>1>  Since  the 
excitation  of  the  circuit  Is  a  result  of  the  motion  of  the  beam  along  the 
electric  field  lines,  It  Is  apparent  that  there  will,  In  general,  be  a 
required  relationship  between  the  angular  orientation  of  the  quadrupole 
cavity  and  the  Input  coupler  which  excites  the  Initial  synchronous  waves 
on  the  beeun.  In  particular,  the  lln|»arly  synchronous  polarized  wave 
coupler  described  In  Chapter  III  ehould  be  oriented  so  that  the  beam  waves 
at  the  quadrupole  entrance  satisfy  (6.27). 

The  second  heunoonlc'  power  which  is  dissipated  in  the  cavity  euid  Its 
external  loeid  can  be  obtained  from  (6.8)  and  (6.23);  In  general. 


^2(0  '  ^ 
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|a^(0)|^  cos  26^  -  cos  20^ 


slnh  2at 


(6.32) 


In  the  case  in  which  Just  one  synchronous  wave  Is  excited  at  the  quadrupole 
entrance,  or  If  both  have  the  proper  phase  relative  to  the  quadrupole  as 
indicated  by  (6.27),  the  power  Is  given  by 


Slnh  2Qtt  . 


(6.33) 
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It  vas  noted  In  Section  V.A  that  the  three- frequency  solution  of  the 
linearly  polarized  problem  is  not  expected  to  he  accurate  because  of 
appreciable  excitation  of  higher  order  frequency  combinations  In  the  beam. 
It  is  therefore  Ir^rtant  to  cedculate  the  second  harmonic  power  from  the 
exact  wave  anplltudes  given  in  (6.21)  and  (6.22).  This  is  done  by  calcu¬ 
lating  the  net  change  in  beam  power  as  a  result  of  the  quadrupole  Intei^- 
actlon  In  the  seune  way  as  before.  Summing  the  squares  of  the  amplitudes 
of  the  negative  energy  waves  which  make  up  emd  subtracting  the  sum 
of  the  squares  of  the  amplitudes  of  the  positive  energy  waves  which 
iqake  up  A^  yields  the  net  negative  power  carried  by  the  beeun  at  the 
quadrupole  output.  Then  by  subtracting  the  net  negative  power  at  the 
Input,  we  obtain,  after  a  great  deal  of  manipulation, 

^  ^  n-1 

(6.34) 

» 

+  2Re  'a^(O)  -  a2(0)j  ^  (-1)*"  (2n  +  l)  , 

^  n»0 

where  the  argument  of  the  modified  Bessel  functions  is  •f2cet  .  By  means 
32 

of  known  series,  and  the  relations  between  the  ordinary  and  modified 
Bessel  functions,  It  can  be  shown  that 

00 

Iq(z)+2^  (-1)°  I^(z)  -  1  (6.35) 

n»l 

00 

(-1)“  (2n  +  1)  I^(z)  yi(z)  -  I  .  (6-36) 

n«l 

Thus,  the  second  harmonic  power  calculated  from  the  rigorous  solutions  of 

« 
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the  coupled  mode  equations  Is  obtained  In  a  very  slnple  form: 

-  |aj^(0)|^  cos  20^^  -  la^Co)!^  cos  203  •W'  •  (6-37) 

We  see  that  (6.37)  and  (6.32)  agree  exactly  at  low  power  levels,  but  that 
the  approximate  solution  Is  over-optlmlstlc  at  high  power  levels.  A 
conqparlson  of  these  results  with  the  other  synchronous  wave  Interactions 
will  be  given  In  Section  D  of  this  chapter. 

Although  there  Is  no  counterpart  of  the  type  of  Interaction  described 
above  given  In  Chapter  V  It  Is  apparent,  from  the  discussion  of  twisted 
circuits  which  was  given  In  Chapter  IV,  that  a  twisted  quadrupole  would 
allow  a  cyclotron  wave  Interaction  completely  suoalogotis  to  the  synchronous 
wave  Interaction  In  a  linearly  polarized  quadrupole.  However,  this  woiild 
offer  no  advantage  over  the  present  case  and  the  design  would  be  much 
more  complex. 

C.  EFFECT  OF  THE  LOAD  IMPEDANCE 

The  results  obtained  In  the  previous  section  Indicate  that  the 
synchronous  wave  frequency  doubler  can  yield  high  frequency  conversion 
efficiencies  for  several  special  cases.  However,  the  equations  presented 
there  Ere  not  In  a  form  which  exhibits  the  dependence  of  the  power 
dissipated  In  the  external  load  upon  the  input  power,  the  quadrupole 
persuneters,  Euid  the  coupling  coefficient  ^o/^ext  ‘  equations  of 

previous  section  cem  be  expressed  In  terms  of  these  quEuitltles  In  a 
manner  similar  to  that  used  in  Section  V.D. 

As  pointed  out  In  Section  B  of  this  chapjber,  the  synchronous  wave 
Interactions  Involving  a  clrculirly  polEurlzed  quEulrupole  are  exactly 
equivalent  to  the  cyclotron  wave  Interactions  which  were  discussed  In 
Chapter  V.  If  the  quadrupole  Is  positively  polarized,  a  Is  given  by 
(^.43)  and  (6.26)  Is  IdentlcEkl  to  (3.21).  Consequently,  the  curves  In 
Fig.  3*3  are  appropriate  for  this  case.  If  the  queidrupole  Is  negatively 
polarized,  a  Is  still  given  by  (3>43)  ai»i  (6.29)  Is  Identical  to  (3*38). 
The  curves  shown  In  Fig.  3*6  therefore  give  the  frequency  conversion 
characteristics  for  this  ease.  The  discussion  of  these  situations  Is 
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identical  to  that  given  in  Chapter  V  tor  the  analogous  cyclotron  wave  eases. 
The  only  differences  between  the  cyclotron  wave  and  synchronous  wave  eases 
are  the  synchronization  conditions. 

The  situation  not  represented  in  the  previous  chapter  is  the  linearly 
polarized  case  given  ly  (6.37).  It  is  evident  from  (6.8)  and  (^.43)  that 
the  gain  parameter  is  in  this  case 


a 


^e/vt)V 


W 


Consequently,  using  (3*^1)  end  the  normalization  given  by  (3.^7)  iQ  (6.37) 
yields 


®2a4, 


1 


(6.39) 


where  ^  and  pj^  ^  are  the  respective  values  of  the  power  input  on 
the  transverse  waves.  It  should  be  recalled  that  the  power  input  pj^  ^ 
is  a  negative  quantity.  The  phases  6^  and  in  (6.37)  have  been 
taken  eus  the  optimum  values  given  in  (6.27). 

As  pointed  out  previously  the  special  case  in  which  the  input 
synchronous  waves  have  equal  amplitude  is  of  a  great  deal  of  Interest 
since  gain  can  be  achieved  in  the  input  coupler  in  this  situation.  If 
the  power  carried  by  the  input  positive  energy  wave  is  then  denoted  by 
p^  ,  the  output  is 


^2ai- 


4 

.  ^*0  I 

1  + - 

|1  + - 1 

1  ’^extj 

1  1 

(6.40) 


Note  that  (6.40)  is  identical  to  (^.36)  which  describes  the  low  level 
output  of  the  cyclotron  wave  doubler  employing  both  fast  and  slow  input 
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cyclotron  waves.  Ttae  significant  difference  here  is  that  the  above  result 
is  valid  for  large  signal  levels  while  the  cyclotron  wave  doubler  saturates 
as  indicated  by  (?.??)• 

Equation  (6.39)  edso  shows  that  the  linearly  polarised  synchronous 
wave  doubler  behaves  as  a  constant  current  source  as  the  load  is  varied. 
That  is,  the  maximum  power  output  is  obtained  when  unity  for 

all  power  levels.  This  is  unlike  the  other  cases  as  can  be  seen  in 
Section  V.D,  and  is  a  result  of  the  zero  beam  loading  presented  to  a 
circuit  that  couples  equally  to  both  synchronous  waves. 

D.  SUMMARY  OF  SYNCHRONOUS  WAVE  DOUBLBtS 

The  frequency  doubling  interactions  which  have  been  discussed  in  this 
chapter  have,  with  one  exception,  been  the  synchronous  wave  analogs  of 
the  cyclotron  wave  interactions  described  in  Chapter  V.  Hence,  most  of 
the  comments  in  Chapter  V  are  applicable  to  the  present  sitviation.  The 
exception  is  the  case  of  the  linearly  polarized  quadrupole  which  Interacts 
equally  with  both  synchronous  waves  ai»i  results  in  the  excitation  of  all 
odd  harmonic  frequency  components  on  the  beam.  As  was  pointed  out 
previously,  the  cyclotron  wave  analog  of  this  case  cam  be  obtained  by 
twisting  the  qiuidrupole  with  a  period  equaJ.  to  the  cyclotron  wavelength 
on  the  beam.  Consequently,  a  discussion  of  the  quadrupole  interactions 
for  the  synchronous  wave  cases  discussed  in  this  chapter  is  really  a 
discussion  of  all  of  the  types  of  doubling  interactions  which  can  be 
obtained  with  the  four  transverse  waves  which  describe  the  filamentary 
beam  excitation.  The  details  of  the  circuit  conflgvuratlons  and  the 
synchronism  conditions  are,  of  course,  dependent  upon  the  choice  of 
cyclotron  or  synchronous  wave  interactions. 

A  comparison  of  the  synchronous  wave  Interactions  can  be  made  on  the 
basis  of  the  equations  for  the  second  harmonic  power  dissipated  in  the 
qtiadrupole  as  a  function  of  the  parameter  OtC'  .  The  curves  representing 
the  possible  interactions  between  one  input  synchronous  wave  and  the 
quadrupole  are  shown  in  Fig.  6.1.  Curve  d  represents  the  interaction 
involving  only  the  positive  energy  synchronous  wave  and  we  see  that  the 
maximum  second  harmonic  power  which  can  be  dissipated  in  the  quadrupole 
is  equsd  to  the  input  synchronous  wave  power.  This  is  the  synchronous 
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vave  counterpairt  of  the  fast  cyclotron  vave  doubler  which  haa  been  treated 
by  others  In  a  special  case.  Because  no  negative  energy  waves  are  Involved 
In  this  case,  It  will  be  referred  to  as  passive  doubling.  By  setting 
C  >0  ln(6.6)we  can  see  that  only  the  fundamental  frequency  exists  on 
the  beam  and  that  the  synchronous  vave  amplitude  decreases  exponentially 
within  the  quadrupole  cavity.  Consequently  the  factor  which  controls 
the  beam  Interception  level  Is  the  amplitude  of  the  beeun  excursion  at 
the  entrance.  This  is  calculated  from  Eqs. (2.20 ).  There  is  no  inter¬ 
action  If  a  negative  energy  wave  is  injected  Into  a  positive  polarized 
quadrupole  unless  second  harmonic  power  is  supplied  by  an  external  source. 

The  passive  interaction  indicated  by  curve  d  In  Pig.  6.1  Is  to  be 
compared  with  the  three  basic  active  frequency  doubling  Interactions 
^hown  in  curves  a,  b,  and  c  of  the  figure.  Curve  a  represents  the 
interaction  between  a  negatively  polarized  (negative  energy)  synchronous 
wave  with  a  negatively  polarized  quaidrupole.  This  again  Is  an  Interaction 
which  Involves  only  the  fundamental  frequency  in  the  beam,  but  now  the 
beam  excitation  grows  exponentially  in  the  quadrupole  and  the  second 
harmonic  power  Increases  rapidly  as  either  the  coupling  to  the  beam  Is 
Increased  (larger  a  )  or  the  length  Is  Increase^.  As  Is  evident  from 
the  figure,  this  case  gives  a  larger  conversion  efficiency  than  any  of 
the  other  cases.  It  Is  the  only  scheme  which  surpasses  the  passive 
Interaction  at  low  power  levels,  that  Is,  small  at  .  However,  it  is 
necessary  to  note  that,  due  to  the  growing  beam  excursions,  saturation 
will  occur  If  at  Is  made  too  large.  Since  there  Is  only  the  fundamental 
negative  energy  synchronous  wave  In  the  beam,  the  beam  excursion  for  a 
given  wave  amplitude  Is  the  same  as  in  the  passive  cue.  Consequently, 

In  the  limit  as  at  approaches  infinity,  the  saturation  output  power 
of  the  two  devices  would  be  the  same.  However,  the  efficiency  of 
conversion  of  fundamental  to  second  harmonic  power  would  be  Infinite 
for  the  active  case  and  unity  for  the  passive  Interaction. 

The  active  Interaction  described  above  Is  analogous  to  the  Interr 
action  Involving  the  slow  cyclotron  wave  which  was  discussed  In  Chapter  V 
and  the  power  chsoracterlstics  given  In  Pig.  ?.6  are  applicable  here.  As 
shown  In  Pig.  2. 6,  these  frequency  doublers  become  unstable  when  the 
Input  power  Is  Increased  beyond  a  critical  value.  This  Is  an  unusual 
kind  of  instability  «ub  Is  remarked  In  Section  V.D. 
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An  interesting  input  coupling  scheiae  arises  in  connection  with  the 

* 

negative  energy,  synchronous  wave  interaction  described  above.  It  was 
noted  that  the  synchronous  wave  klystron  describ‘d  in  Chapter  III  can 
result  in  purely  negative  energy,  synchronous  wave  excitation)  on  the 
beam  at  the  exit  of  the  output  cavity.  This  lUystron  could  then  be 
followed  by  a  negatively  polarized  qxiadrupole  cavity,  resulting  in  the 
active  frequency  doubling  mechanism  described  above.  Consequently,  a 
very  large  overall  frequency  conversion  efficiency  could  be  obtained. 
Alternatively,  the  Input  coupler  could  be  a  circularly  polarized  synchronous 
wave  monotron  resulting  in  an  oscillator  which  produces  a  fundamental  and 
second  harmonic  that  axe  phase  related. 

Curve  b  in  Fig.  6.1  shows  the  characteristics  of  the  interaction 
if  the  positively  polarized  synchronous  wave  serves  as  the  input  to  a 
negatively  polarized  quadrupole.  The  conversion  efficiency  is  now  greatly 
reduced  due  to  the  presence  of  both  positive  and  negative  energy 
synchronous  waves  In  the  beam  at  the  fundamental  and  third  harmonic 
frequencies  as  Indicated  by  (6.6)  and  (6.7).  Also  because  there  are  both 
growing  positive  energy  and  negative  energy  waves  on  the  beam,  the  net 
negative  power  carried  by  the  beam  for  given  beam  excursion  magnitudes 
Is  less  than  in  the  previous  case.  As  a  final  criticism  of  this  case. 

It  is  noted  that  the  input  is  a  positive  energy  wave,  and  therefore,  it 
is  not  possible  to  take  advantage  of  a  gain  mechanism  in  an  input  coupler 
to  increase  the  overall  conversion  efficiency.  Consequently,  this 
situation  is  of  less  Interest  than  is  the  previous  case. 

The  last  basic  interaction  scheme  is  represented  by  curve  c  in 
Fig.  ^.1.  In  this  case  the  quadrupole  is  linearly  polarized  and  the  in¬ 
put  wave  is  either  a  positively  or  a  negatively  polarized  synchronous 
wave.  It  is  seen  that  the  efficiency  of  the  frequency  conversion  is 
about  the  same  as  that  of  the  positively  polarized  qusulrupole  with  a 
positively  polemized  synchronous  wave  input  at  small  values  of  ctt  , 
while  it  is  distinctly  improved  for  large  ott  .  This,  coupled  with 
the  fact  that  the  input  can  be  a  negative  energy  wave,  makes  the  linearly 
polarized  quadrupole  an  interesting  case.  The  power  at  which  beeun 
interception  occurs  will  be  less  than  it  is  for  either  of  the  two  cases 
which  involve  only  one  frequency  on  the  beam,  since  we  expect  an  infinite 
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number  of  frequency  components  here.  This  large  frequency  content  results 
In  complex  beeun  motion  and  larger  becun  excursions  than  are  found  for  the 
simpler  cases.  Even  so,  this  Is  a  promising  scheme  for  a  large  conversion 
efficiency  eis  described  above. 

The  frequency  doubling  schemes  described  above  Involved  a  single 
synchronous  wave  Input  to  the  quadrupole.  In  order  to  take  advantage  of 
the  gain  which  can  be  obtained  In  a  linearly  polarized  Input  cavity  which 
excites  both  synchronous  waves  equally,  It  Is  of  Inteirest  to  look  at  the 
sltviatlon  In  which  the  Input  to  the  quadrupole  consists  of  both  synchronous 
waves  with  the  optimum  phase.  A  plot  of  the  ratio  of  the  second  harmonic 
power  to  the  fundamental  power  on  one  of  the  beam  waves  as  a  function  of 
at  Is  given  In  Fig.  6.2. 

It  Is  apparent  that  the  negatively  polarized  quadrupole  Is  again 
distinctly  superior  at  large  values  of  at  .  The  Instability  at  large 
values  of  at  still  exists  as  Indicated  In  Fig.  ^.6  of  Section  V.D, 
since  this  case  Is  Identical  to  the  cyclotron  wave  case  considered  there. 

The  linearly  polarized  quadrupole  also  yields  large  conversion  efficiencies 
while  the  positively  polarized  quadrupole  saturates  at  a  very  low  efficiency 
and  Is  of  no  Interest  here.  For  the  two  Interesting  cases  It  Is  seen  that 
the  second  harmonic  power  for  a  given  input  wave  amplitude  Is  distinctly 
larger  for  the  two-wave  Input  that  It  is  for  the  one-wave  input  case. 

From  the  above  discussion  It  Is  apparent  that  the  greatest  promise 
for  large  values  for  the  efficiency  of  conversion  from  the  fundamental 
to  the  second  harmonic  frequency  Is  given  by  the  use  of  either  a  negatively 
polarized  quadrupole  or  a  linearly  polarized  quadrupole,  each  with  both 
synchronous  waves  excited  In  the  Input  coupler.  Or,  to  cast  this  In  a 
terminology  which  Is  applicable  to  either  cyclotron  or  synchronous  waves, 
the  quadrupole  shou^Ld  be  synchronous  with  either  the  negative  energy  beam 
wave,  or  with  both  the  positive  and  the  negative  energy  waves  which  serve 
as  the  Input.  Also,  the  Input  coupler  shovild  excite  both  the  positive 
and  the  negative  energy  heatwaves  equally.  While  this  situation  can  be 
achieved  with  cyclotron  wave  interactions.  It  requires  a  twisted  Input 
coupler  and  either  a  quadrupole  with  a  very  slow  phase  velocity  or  a 
twisted  quadrupole.  Thus  the  use  of  cyclotron  waves  for  these  high 
efficient,  active  doubling  schemes  brings  on  many  more  technical  problems 
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FIG,  6.2--Quadrupole  conversion  efficiency  as  a  function  of  at  for  various 
polarizations  and  equal  input  synchronous  vaves  of  aaplitvide 
a(0)  and  optimum  phase. 


than  does  the  use  of  the  synchronous  waves.  For  these  reasons  it  appecurs 
that  the  described  active  Interactions  employing  the  synchronous  waves 
are  the  most  suitable  for  very  high  efficiency  frequency  doubling. 


CHAPTER  VII 


S(»4E  TRANSmSE-FIELD  CIRCUITS 

The  discussion  up  to  this  point  has  been  Involved  vlth  the  theory 
of  the  Interaction  between  a  bean  and  a  transverse-field  circuit.  The 
primary  purpose  of  this  chapter  Is  to  discuss  some  traveling-wave 
structures  which  were  Investigated  for  use  In  transverse-wave  devices. 

The  material  presented  Is  not  an  exhaustive  investigation  of  transverse 
field  clrcvilts,  but  represents  the  results  of  efforts  to  design  specific 
devices.  Even  so,  the  basic  circuits  have  a  broad  range  of  application 
and  so  the  specific  applications  will  not  be  emphasized  in  this  chapter. 

The  first  part  of  this  chapter  will  deail  with  the  transverse-wave 
couplers  which  were  Investigated  during  the  course  of  the  experimental 
program.  In  the  second  part  of  the  chapter  we  will  consider  a  quadrupole 
type  of  periodic  circuit  which  could  be  used  In  one  of  the  devices  dis¬ 
cussed  In  Chapters  V  and  VI.  Since  one  purpose  of  the  experimental 
Investigation  was  to  show  that  significant  transverse-wave  Interactions 
can  be  obtained  at  high  power  levels  and  hl^  frequencies,  good  thernal 
properties  as  well  as  sliiq>le  and  rigid  mechanical  construction  were 
Important  criteria  In  the  design  of  all  of  the  transverse-field  clrcTilts 
considered. 

A.  COUPLER  CIRCUITS 

There  has  been  a  large  amount  of  activity  in  the  last  few  years  in 

the  development  of  transverse-wave  couplers  which  employ  traveling-wave 

circuits.  Jdtnson  has  described  experiments  using  a  blfllar  helix  as  a 

33 

transverse-wave  coupler.  Other  circuits  which  Inmedlately  come  to  mind 

34 

are  those  involving  meander  lines  and  slotted  ridge  clrctilts.  Honey^ 

has  studied  the  meander  line  In  connection  with  another  type  of  device, 

35 

and  Sorland  has  Investigated  a  slotted  ridge  circuit. 
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Of  these  circuit  types,  the  slotted  ridge  is  the  loost  likely  to 
have  good  thermal  properties  and  rigidity  at  high  frequencies.  A  sketch 
of  the  basic  circuit  is  shown  in  Fig.  7>la*  is  evident  that  the  stored 
energy  in  noninteracting  regions  (in  the  slots)  serves  to  reduce  the 
transverse  Impedance  of  the  circuit  and  that  it  would  be  desirable  to 
reduce  the  energy.  The  structure  shown  in  Fig.  7>lb,  proposed  by  Bernstein 
and  Felnstein,  reduces  this  noninteracting  energy  by  reducing  the 
width  of  the  ridge,  but  results  in  a  lack  of  field  uniformity  in  the 
interacting  region.  Even  so,  this  type  of  circuit  is  easy  to  make,  has 
good  thermal  properties,  and  would  be  quite  rigid  when  employed  at  very 
short  wavelengths.  Consequently,  the  coupler  circuit  developed  independ¬ 
ently  during  the  course  of  this  Investigation  was  of  the  type  shown  in 
Fig.  7«lc.  This  clrctilt  has  the  advantage  that  it  has  a  region  of  rela¬ 
tively  uniform  transverse  field  and,  as  we  shall  see  later,  it  is  par¬ 
ticularly  well  suited  for  use  as  a  synchronous -wave  coupler.  Variations 
of  this  basic  circuit  may  be  thought  of,  and  one  is  shown  in  Fig.  7«ld. 

1.  Impedance  of  Idealized  Circuits 

Before  proceeding  with  a  discussion  of  the  experimental  coupler 
stvidies,  it  is  worthwhile  to  make  a  general  observation  about  traveling- 
wave  circuits  which  have  a  transverse  electric  field  on  their  axis.  The 
particular  point  in  question  is:  how  leurge  is  the  transverse  inq>edance 
of  such  a  circuit  compared  to  that  of  a  longitudinal  field  circuit?  This 
is  a  pertlnant  question  because  the  qualitative  descriptions  of  transverse- 
wave  and  space-charge  wave  devices  are  very  similar,  and  consequently  the 
two  types  of  interaction  mus':  be  considered  ccxnpetltlve  in  some  cases. 

While  the  impedance  of  a  traveling-wave  circuit  depends  upon  the 

details  of  the  structure,  it  is  possible  to  set  an  upper  bound  on  the 

Impedance  whltu  can  be  attained.  This  is  done  by  assuming  an  idealized 

slow-wave  circuit  which  has  only  the  transverse  conqwnents  of  the  electric 

field  which  are  important  in  the  Interaction  and  the  associated  magnetic 

fields  required  to  satisfy  Maxwell's  equations.  It  is  then  possible  to 

calculate  the  energy  stored  in  the  circuit  and  thus  to  calculate  inter- 
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action  Inpedance.  Pierce*^  has  done  this  for  the  longitudinal  field  case 
and  the  problem  is  solved  in  Appendix  A  for  the  transverse  field  case. 

The  curves  in  Fig.  ^.2  give  a  comparison  of  the  Impedances  of  the 
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c .  Overlapped  rods 


d.  Overlapped  paddles 


FIG.  T«1 — Some  basic  transverse-field  circuit  structures.  The  metallic  side 
vails  that  vould  be  used  In  a  microwave  circuit  have  not  been  shown; 
for  the  purpose  of  clarity. 


FIG.  7*2 — ^The  lnQiedance  of  the  Idealized  transverse -field  and  longlt\idlnal 
field  circuits  as  a  functicn  of  B  .  It  has  been  assumed  that 
the  circuit  phase  velocity  is  small  conypared  to  the  velocity  of 
lij^t.  The  beam  apeptbre'  in  the  clrcvdt  hu  a  diameter  of  2a. 


Idealized  circularly  polarized  transverse-field  circuit  with  the  Idealized 
longitudinal  field  circuit.  The  definition  of  Inpedance  used  here  Is 
different  from  that  used  by  Pierce,  as  noted  in  Appendix  A.  Figure  7.2 
shows  that.  In  the  region  ^a  <  2.3  ,  the  Idealized  transverse  field 

circuit  has  a  higher  Impedance  than  does  the  idealized  longitudinal  field 
circuit.  At  smaller  values  of  ^a  ,  the  difference  becanes  quite  signif¬ 
icant.  Vfhlle  these  results  do  not  say  what  hind  of  Impedance  values  can 
be  obtained  In  actual  circuits,  they  do  Indicate  that  we  can  expect  to 
find  circuit  configurations  which  yield  transverse  Impedances  that  are 
greater  than  those  which  can  be  obtained  in  longitudinal  field  circuits 
with  the  same  beam  diameter.  Alternatively,  a  transverse-wave  coupler 
will  allow  the  use  of  a  larger  beam  than  will  pass  through  a  longitudinal 
field  structure  which  has  the  same  Inpedance. 

2.  Experimental  Linearly  Polarized  Circuits 

Although  the  Ideal  coupler  for  the  excitation  of  one  of  the  transverse 
waves  would  be  circularly  polarized,  the  simplicity  of  the  design  eind 
excitation  of  the  linearly  polarized  structure  makes  it  a  case  of  partic¬ 
ular  interest.  In  addition  there  are  interactions  In  which  a  linearly 
polarized  coupler  is  required.  In  fact,  linearly  poleurlzed  couplers  were 
required  In  the  experimental  tube  described  In  the  next  chapter. 

The  goal  of  the  experiments  described  here  was  to  develop  a  slow 
wave  circuit  which  could  be  used  as  either  a  cyclotron-wave  or  a 
synchronous -wave  coupler  at  a  frequency  of  about  J.O  kMc  with  a  beam 
voltage  of  a  few  thousand  volts.  These  structvires  could  then  be  used 
either  as  a  traveling-wave  coupler  or  as  a  resonant  periodic  coupler  In  a 
high -power  transverse-wave  device.  The  basic  circuit  that  was  studied 
Is  the  pin-loaded  cylinder  Indicated  in  Fig. 

The  characteristics  of  the  circuits  were  determined  by  the  usual 
procedure  of  resonating  a  section  of  the  structure  which  Is  an  Integral 
nuznber  of  periods  long  and  observing  the  characteristics  of  the  resonant 
modes  of  the  resulting  cavity.  One  of  the  test  cavities  was  made  with  a 
rectangular  cross  section  as  shown  In  Fig.  7*3«  The  basic  difference 
between  this  and  a  circularly  cylindrical  cross  sectlm  Is  Insignificant. 
The  dimensions  of  the  test  cavity  could  be  varied  so  that  their  effect 
could  be  determined. 
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View  A-A 


FIG.  7 


Knd  VI 


I 

3r* 


.3 — ^An  esqierlniezttal  test  structure  enclosed  In  a  tox.  The  im¬ 
portant  dimensions  that  are  deferred  to  In  the  description 
of  the  cheuvcterlstics  of  this  circuit  are  shown. 


Some  of  the  results  of  the  cold  tests  of  circuits  with  the  dlmeoslons 
given  In  Table  VII. 1  are  shown  In  Figs.  through  T.6.  A  typical 
(D>P  diagram  is  shown  In  Fig.  7.4.  The  structure  Is  a  closed,  slni^ 
connected  regies  so  that  It  e^dilblts  both  an  upper  and  a  lower  cutoff. 

TABLE  VII. 1 

DIMESSICNS  OF  TEST  CIRCUITS  IN  INDEX 


1.  w  -  1.00 

2.  w  »  1.00 

3.  w  «  1.25 

h  «  3.00 

h  -  1.62 

h  -  1.625 

2a  -  0.375 

2a  -  0.315 

2a  «  0.250 

6  «  0.313 

6  •  0.325 

B  -  0.375 

d  «  0.125 

d  -  0.063 

d  ■  0.031 

P  -  0.375 

p  -  0.187 

p  -  0.100 

The  lower  cutoff  frequency  Is  determined  by  the  transverse  dimensions  of 
the  circuit  and  is  associated  with  strong  transverse  electric  fields 
between  the  upper  and  lower  rods  In  Pigs.  7*lc  and  7*3*  Consequently, 
the  transverse  interaction  impedance  can  be  expected  to  be  quite  large 
near  the  lower  cutoff  frequency.  The  upper  cutoff  frequency  is  associated 
with  the  resonance  that  occurs  when  the  rods  are  e^proxlmately  one-quarter 
of  a  wavelength  long  so  that  one  rod  and  its  neighbor  form  a  quarter 
wavelength  TIM  transmission  line  which  is  shorted  at  one  end  and  open- 
circuited  at  the  other.  However,  due  to  end  effects,  this  resonance  will 
occur  at  a  frequency  slightly  lower  than  that  predicted  on  the  basis  of 
the  above  model.  The  electric  fields  near  the  upper  cutoff  frequency  are 
predominantly  longitudinal,  and  consequently  the  amount  of  coupling  to 
the  transverse  beam  waves  can  be  expected  to  be  small  in  this  region. 

The  circuit  represented  by  Fig.  7.4  was  designed  to  serve  as  a  fast 
cyclotron  wave  coupler  and  the  dispersion  characteristic  for  the  fast 
cyclotron  wave  is  also  shown  In  the  figure.  Since  the  phase  velocity  of 
the  circuit  and  the  beam  are  essentially  the  same  over  a  large  portion 
of  the  (D-p  diagram,  the  coupler  should  have  a  large  bandwidth.  In  order 
to  determine  the  bcmdwldth  of  a  co-directlonal  coupler.  It  Is  necesseuy 
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PIO.  7.4— Bxperlmental  oo-P  dlegram  for  the  circuit  shown  In  Fig.  7.3. 

with  the  dlmenalons  glren  In  Table  Yll.l  as  set  oo.l,  '  The  dotted 
line  represents  the  fast  cyclotron  wave  on  a  beam  which  has 
u^c  a  0.14  and  a  magnetic  field  of  713  gauss. 


.  7-6— ‘The  phase  velocity  of  several  transverse  field  circuits  of  the  type  shown  in  Fig.  7.3. 
dimensions  are  gl vendin' Table  VII. 1. 


to  coaqpute  the  dependence  of  the  coupling  coefficient  \;^n  the  frequency. 
The  iogpedance  of  the  circuit  vas  detertnined  hy  the  perturbation  procedure 
described  in  Appendix  and  from  this  the  coupling  coefficient  nay  be 
calculated  by  means  of  (2.17).  Finally,  the  response  of  a  co-directlonal 
type  of  coupler  can  be  calculated  by  means  of  (2.23).  I^he  result  of 
these  calculations  is  shown  in  Fig.  This  shows  the  efficiency  of 

transfer  of  power  from  the  circuit  to  the  beam  as  a  function  of  frequency. 
It  is  apparent  that  an  overall  bandvidth  of  2^  per  cent  is  easily  obtcdned 
in  a  parametric  amplifier  which  consists  of  two  of  these  couplers  and  a 
frequency-insensitive  pumping  section. 

A  comparison  of  the  meastired  inpedance  of  the  above  circuit  with 
the  inpedance  of  the  Idealized  circuits  described  previously  is  summarized 
in  the  table  below.  The  values  of  the  idealized  InpedEuaces  are  half  those 


Pa 

Experimental  v 

^  Idealized  v^/c 

1  Idealized  v Jp 

0.39 

81 

300 

11 

0.79 

14 

38 

7 

1.08 

0.6 

11 

3 

shown  in  Fig.  7.2  to  account  for  linear  polarization.  We  see  that  this 
circuit  has  yielded  impedances  which  are  greater  than  those  of  the 
idealized  longitudinal  field  circuit,  and  that  much  more  improvement 
should  be  possible  before  the  upper  bound  imposed  by  the  idealized  trans¬ 
verse  field  circuit  becones  a  limitation.  An  experimental  circuit  to  be 
described  later  has  a  smaller  ratio  2a/p  ,  which  results  in  Inpedances 
much  closer  to  the  theoretical  limit. 

Some  dispersion  characteristics  for  several  different  circuit 
dimensions  are  shown  in  Fig.  'J.S.  The  primary  factor  in  changing  the 
phase  velocity  of  the  circuit  is  the  period  p  .  In  fact,  if  we  conpare 
circuits  at  the  same  phase  shift  per  period,  the  phase  velocity  is  dir¬ 
ectly  proportional  to  the  period. 

The  circuits  represented  by  the  data  in  Fig.  "J.S  were  designed  to 
couple  to  the  fast  cyclotron  wave  and  consequently  the  variation  of  the 
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phase  velocity  vlth  freqiieney  Is  desirable.  In  order  to  obtain  broad¬ 
band  excltatl^  of  the  synchronous  vaves,  the  structures  should  be 
modified  to  obtain  a  phase  velocity  vhlch  is  essentially  constant  over  a 
vide  frequency  range.  One  vay  of  acconpllshlng  this  is  to  lower  the 
lower  cutoff  frequency  of  the  circuit.  It  would  probably  ue  necessary  to 
reduce  the  period  of  the  circuit  at  the  same  time  in  order  to  lower  the 
phase  velocity  of  reasonable  values  for  the  beam  velocity. 

A  device  which  utilized  linearly  polarized  synchronous -wave  couplers 
to  excite  both  synchronous  waves  will  be  described  in  the  next  chapter. 

The  particular  requirements  call  for  a  resonated  rather  than  a  traveling- 
wave  circuit.  It  was  decided  to  employ  Interaction  with  a  spcuse  harmonic 
in  a  circuit  rather  than  the  fundamental  in  order  to  avoid  the  small 
periodicities  which  would  be  involved  in  obtaining  a  fundamental  field 
component  with  a  phase  velocity  of  approximately  one-tenth  of  the  velocity 
of  light.  It  will  be  recalled  that  the  phase  velocities  of  the  space 
harmonic  field  ccaaponents  are  given  by 


1 


1  + 


gnx 


(7.1) 


where 

phase  velocity  of  n^^  space  harmcxiic, 
phase  velocity  of  fundamental  component, 
order  of  the  space  harmonic,  and 

phase  shift  per  period  for  the  fundamental  ccmponent. 

The  dimensions  and  the  oo-P  diagram  for  this  structure  are  shown 
in  Fig.  7.7*  The  figure  also  shows  the  co-^  curves  for  the  transverse 
waves  on  a  3^000  volt  beam.  It  is  evident  that,  unless  a  very  long 
coupler  is  used,  both  the  n  ■  -t-l  and  the  n  ■  -1  space  harmonics  will 
interact  with  the  synchronous  waves.  This  was  in  fact  the  case  in  the 
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experlnents,  and  Is  deslral)le  since  it  means  that  the  effective  Interactioi 
liopedance  of  the  circuit  vlll  he  larger  than  It  vould  he  if  only  one 
space  harmonic  Interacted  strongly  vlth  the  heam.  The  figure  also  shows 
that  It  Is  necessary  to  choose  the  magnetic  field  so  that  th^  fast  cyclo¬ 
tron  wave  does  not  couple  stroigly  to  the  fundamental  field  coavonent  of 
the  circuit. 

The  synchronous  wave  coupler  based  on  the  above  circuit  was  a 
resonant  cavity  made  by  placing  shorting  planes  at  each  end  of  a  structxire 
which  was  five  periods  long.  The  transverse  electric  field  amplltxade  on 
the  ends  of  the  cavity  was  measured  by  means  of  a  perturbing  needle  and 
the  results  are  shown  In  Fig.  7*8  foi*  the  mode  In  which  there  Is  n/^ 
radians  phase  shift  per  period.  This  mode  was  used  because  of  the  strong 
transverse  fields  near  the  lower  cutoff  of  the  circuit.  It  Is  found  that 
(is4y  first  few  space  harmonics  have  large  amplitudes  and  the  field 
pattern  can  be  matched  quite  well  with  the  fundamental  cuid  two  space 
harmonic  coaq>onents  of  the  field.  The  dashed  curve  In  Fig.  7*8  shows 
the  result  of  this  procedure.  It  Is  seen  that  the  space  harmonics  corre¬ 
sponding  to  n  ■  ±1  In  (7.1)  are  of  approximately  equal  amplitude.  This 
can  be  altered  by  changing  the  ratio  of  the  pin  diameter  to  the  period. 
However,  this  was  not  done  here  since,  as  will  be  seen  In  Chapter  VIII, 
both  space  harmonics  take  part  In  the  Interaction  for  which  the  coupler 
had  been  designed.  A  summary  of  the  characteristics  of  these  resonant 
synchronous  wave  couplers,  operating  in  the  n/5  mode.  Is  given  below. 


TABLE  VII. 2 

SUMMARY  OF  SYHCHRONOUS-WAVE  COUPLER  CHARACTERISTICS 


Mode  of  Operation 
(Phase  Shift  Per  Period) 

Radlans/Perlod 

Frequency 

3.00  kMc 

Group  velocity 

0.256c 

Rieise  velocity 

fundamental 

0.995c 

-  1  space  harmonic 

o.noc 

+  1  space  harmonic 

0.090c 

Inpedance 

fundamental 

1700  ohms 

-  1  space  harmonic 

3.4 

.«■  1  space  harmonit^ 

2.5 
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FIG.  7-8 — The  transverse  electric  field  dlstrihutlon  for  the  ^Ir  ■  j^5  mode  in  the  coiqpler  shown 
in  Fig.  7>7>  The  small  circles  are  experimental  points  and  the  hnrve  is  calculated  from  the 
normalized  space-hamonlc  representation  E  ■  [0.55  sin  jt/5  2/?"+  0.22  sin  9*/5  z/p  -  0.23  sin  11  1^5  Zj 
The  vertical  lines  on  the  ejqperlmental  minima  indicate  the  possible^  error  in  this  region.  The 
large  circles  show  the  positicms  of  the  rods  which  make  iqp  the  blrcult. 


Note  that  the  e:q;ierlmental  value  of  K^v^c  for  the  fundamental  com¬ 
ponent  of  this  node  Is  approximately  as  cooi(pared  to  a  value  of  about 
700  for  one-half  of  the  Idealized  value  for  a  elrculsurly  polarized 
circuit  that  is  obtained  by  extrapolating  the  curve  in  Fig.  7.2. 

In  the  design  of  a  space  harmonic  cotqpler  it  is  desirable  to  adjust 
the  shape  of  the  transverse  field  sniplltude  so  that  the  interaction  im¬ 
pedance  for  that  space  harmonic  is  made  as  leurge  as  possible.  A  good 
estimate  of  the  optimum  dimensions  for  the  type  of  circuit  under  consid¬ 
eration  here  can  be  made,  and  it  is  shown  in  Appendix  C  that  the  proper 
relation  between  the  pin  diameter  and  the  period  is  approximately 

d  -  p  if  <  2.33 

Pj^d  -  2.33  if  Pj,P>2.33  , 


where 


d  m  pin  diameter  , 
p  *  circuit  period  ,  smd 

>  space  harmonic  propagation  constant 

It  has  been  assumed  here  that  the  transverse  field  gap  between  the  pins, 
2a  ,  is  small  so  that  <  <  1  .  This  will  usually  be  the  case 

so  that  the  above  results  offer  a  satisfactory  guide  to  the  design  of 
circuits  in  which  space  harm(xiic  interaction  is  desired. 

3.  Twisted  Circuits 

A  discussion  of  beam  Interactions  with  circuits  which  were  twisted 
about  their  axis  was  given  in  Chapter  IV,  and  it  was  noted  that  twisted 
couplers  could  be  of  considerable  interest.  Some  experimental  studies 
of  twisted  slow-wave  structures  were  carried  out  in  an  effort  to  deter¬ 
mine  the  effect  of  the  twisting  on  the  orlglnEdly  linearly  polarized 
slow-wave  structure.  Some  investigation  of  twisted  periodic  circuits 
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has  been  carried  out  by  Bernstein  and  Feinsteln, 
under  consideration  here  are  such  greater  than  in  their  case.  The 
e^gperioental  tvisted  circuits  were  based  on  the  pin-in-cylinder  design 
described  in  the  previous  portion  of  this  chapter.  However,  in  the  case 
of  the  twisted  circuit,  each  pair  of  pins  is  rotated  with  respect  to  the 
previous  pair. 

The  characteristics  of  the  twisted  circuits  were  determined  by 
observing  the  resonant  frequencies  and  associated  field  configurations  in 
a  structure  an  integral  number  of  periods  Icaig  which  was  terminated  at 
each  end  by  transverse  shorting  planes.  Since  the  image  in  the  shorting 
plane  is  not  a  continuation  of  the  original  circuit,  this  procedure 
results  in  erroneous  results  unless  the  twist  per  period  is  small.  We 
are  instead  measuring  the  characteristics  of  a  resonated  twist  circuit 
rather  than  of  an  infinitely  long  structure.  Even  so,  the  e3q>erlments 
described  give  an  Insight  into  the  nature  of  the  fields  in  a  twisted 

slow-wave  circuit. 

•  25 

It  has  been  noted  by  others  that  the  primary  effect  of  a  gradual 
twist  on  the  oi-P  diagram  of  the  circuit  is  to  lower  the  frequency  for 
which  there  is  it  radians  phase  shift  per  period.  This  was  the  general 
trend  in  the  experiments  described  here.  However,  if  the  twist  rate  is 
too  great,  the  circuit  fields  cease  to  be  twisted  versions  of  the  fields 
of  the  untwisted  circuits  and  a  compariscm  with  the  untwisted  circuit 
characteristics  becomes  meaningless. 

An  example  of  the  field  configurations  in  an  e^g^rimental  twisted 
circuit  is  shown  in  Fig.  7'9«  The  structure  consists  of  ten  sets  of  pins, 
each  set  being  rotated  by  n/S  radians  with  respect  to  the  previous  set, 
and  is  shorted  at  the  two  ends  to  produce  a  resonant  cavity.  The  field 
patterns  shown  would  be  identified  as  the  ones  with  0.2n  and  0.3x 
radians  idiase  shift  per  period  in  the  case  of  an  untwisted  circuit.  The 
field  ccmponents,  which  are  defined  in  the  figure,  were  determined  by 
means  of  a  perturbing  needle  in  the  transverse  plane.  By  placing  such 
a  needle  (»  the  ends  of  the  circuit,  it  is  possible  to  determine  both  the 
relative  amplitude  and  the  orientation  of  the  electric  field.  The  simple 
view  that  the  field  is  sloq>ly  a  twisted  version  of  the  field  of  a  linearly 
polarized  circuit  would  result  in  ■  0  .  It  was  pointed  out  in 
Chapter  IV  that  this  picture  is  not  correct  and  that  we  should  esqpect  a 


(b)  Pp  -  0.3k  Mode 


PIG.  7.9— Eicperineatally  determined  field  distribution  plots  for  two  values  of 
phase  shift  per  period  in  a  twisted  resonant  circviit,  the  cavity  was  ten  periods 
long  and  the  twist  per  period  was  */0  radians.  The  E  Jwas  definad-’.liL Chapter  17. • 
and  corresponds  to  the  twisted  field  of  a  lineeurly  polarized  structure.  The  Ej 
field  is  a  new  field,  perpendicular  to  Bji  ,  which  arises-;  due  to  the  twisting  * 
of  the  circuit. 
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nev  field  conponent  (^)  to  arlse^  aad  that  the  magnitude  of  this  field 
would  be  aipproxlmately  times  the  magnitude  of  the  main  field 

congponent  E||  A  con(parlson  between  some  esgperlmental  measurements  and 
the  theoretical  predictions  for  the  above  circuits  Is  given  below. 


The  difference  between  the  experimental  and  theoretical  results  may  well 
be  due  to  the  fact  that  these  measurements  were  made  In  a  cavity  produced 
by  shorting  the  twisted  struct\ire  with  transverse  planes.  The  results  of 
Chapter  IV  do  not  give  a  complete  picture  of  what  the  fields  are  In  this 
case  because  the  twisted  circuit  does  not  have  reflection  symmetry  and 
consequently  the  shorting  planes  give  rise  to  other  modes  in  the  cavity. 
If  the  cavity  Is  very  long  or  if  a  nonresonant  traveling-wave  structure 
is  used,  this  problem  does  not  arise. 

The  resxilt  of  the  experimental  work  described  above  is  that  we  have 
verified  that  the  twisting  of  the  slow-wave  structure  gives  rise  to  the 
additional  field  component  which  Is  perpendicular  to  the  field  expected 
on  the  basis  of  the  simple  model  of  the  twisted  circuit.  Consequently, 
we  can  say  that  great  care  should  be  taken  in  using  the  simple  field 
picture  to  obtain  a  description  of  the  interaction  as  was  done  in  the 
first  sections  of  Chapter  IV,  although  at  small  values  of  this 

model  is  quite  satisfactory. 

B.  A  QUAKtUPOLE  CIRCUIT 

The  frequency  doublers  described  in  Chapters  V  and  VI  require  a 
quadrupole  circviit  which  is,  in  general,  a  periodic  structure.  A 
circuit  which  supports  a  transverse  electric  field  that  approximates  the 
required  quadrupole  configuration  is  shown  in  Fig.  7*10  .  This  circuit 

is  very  slng>ly  constructed  by  Inserting  rods  into  a  cylindrical  pipe  and 
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End  Vlev 


Vlev  A-A 


FIG.  7<10— A  quadrupole  clrciilt  made  Insertlog  rods  into  a  cylinder. 

The  field  near  the  axis  approximates  the  quadrupole  field  con 
figuration  shown  In  Fig.  ^.1.  The  dimensions  of  the  particu¬ 
lar  circuit  that  Is  characterized  hy  the  parameters  listed  In 
Table  YU. 3 are: D-  O.906  ,  d  -  0.09^  ,  p  -  0.206  ,  and 
2a  «  0.230  . 


has  good  thermal  properties  and  mechanical  rigidity.  A  section  of  this 
structure,  an  Integral  ntunber  of  periods  long,  can  be  terminated  with 
shorting  planes  to  make  the  resonant  ^uadrupole  cavity  assumed  In  the 
theoretical  discussion  of  the  transverse-wave  frequency  doublers. 

In  order  to  be  used  In  conjunction  with  the  coiqplers  described 
previously,  the  quadrupole  shown  In  Fig.  was  designed  to  propagate 
In  the  frequency  range  euround  6.0  kMc  .  The  cn-P  diagram  for  a  typical 
quadrupole  circuit  Is  much  the  same  shape  as  the  one  shown  In  Fig.  7>7. 

The  upper  cutoff  frequency  occurs  when  the  rods  are  approximately  one- 
quarter  of  a  wavelength  long  Just  as  In  the  case  of  the  coupler  circuits. 
The  longitudinal  electric  fields  are  strong  In  this  case,  since  each  rod 
Is  «  radians  out  of  phase  with  Its  neighbors,  and  this  results  In  weak 
transverse  wave  interaction  near  the  upper  cutoff  frequency.  On  the 
other  hand,  there  are  no  longitudinal  fields  at  the  lower  cutoff  frequency 
since  the  phase  shift  per  period  Is  zero.  Consequently  the  extraneous 
stored  energy  Is  a  minimum  near  the  lower  cutoff  frequency  and  the 
transverse-wave  Interaction  Is  strongest  In  this  region. 

The  cavity  under  consideration  was  designed  to  be  used  In  a 
synchronous -wave  frequency  doubler  and  consequently  the  phase  velocity  of 
a  conqionent  of  the  field  should  be  equal  to  the  beam  velocity.  In  order 
to  avoid  small  periodicities  the  circuit  was  designed  to  employ  space 
harmonic  Interaction.  The  anqplltude  of  the  quadrupolar  field  was  deter¬ 
mined  by  means  of  a  transverse  perturbing  needle,  and  the  field  configur¬ 
ation  of  the  n/5  mode  of  the  circuit  shown  in  Fig.  7.10  is  given  in 
Fig.  7.11.  This  mode  was  chosen  for  the  doubler  experiments  because  It 
has  appreciable  space-harmonic  content  and  has  a  relatively  large  inter¬ 
action  Impedance  since  It  Is  near  the  lower  frequency  cutoff  of  the 
circuit.  The  Impedance  of  the  quadrupole  Is  determined  from  -Uie  frequency 
perturbation  data  In  the  manner  described  in  Appendix  B.  The  results  of 
the  space  harmonic  analysis  and  Impedance  calculations  for  the  x/^  mode 
of  this  quadnipole  cavity  are  summarized  In  the  table  below. 
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7.11 — The  transverse  electric  flelA  distribution  for  the  Pp  *  ic/5  ®ode  In  the  qui^rupcile 
cavity  shown  in  Fig.  7.10.  The  snail  circles  are  experimental  points  and  the  curve 
Is  calculated  from  the  nomnllzed  space-harmonic  representation 

1  ■  [0.75  sin  */5  z/p  +  0.25  sin  9^5  Inrge  circles  show  the  positloos 

of  the  rods  that  ratihe  up  the  circuit. 


TABLE  VII. 3 

SUMMARY  OF  QUABRUFOLE  CHARACTERISTICS 


Mode  (Phase  Shift  Per  Period) 

*/5 

Frequency 

5.70  Mtc 

Phase  Velocity 

fundamental 

0.9l«Oc 

-  1  space  harmonic 

0.105c 

()uadrupole  Resistance  (l^  Periods  Long) 

fundamental 

1080  ohms 

-  1  space  harmonic 

120  dims 

OEAPTER  VIII 

AN  XXFERIMraTAL  TRANSVERSE-WAVE  DEVICE 


Several  of  the  transverse-vave  interactions  which  have  been  considered 
in  the  earlier  pcu:t  of  this  report  are  quite  interesting,  and  the  purpose 
of  this  chapter  is  to  describe  some  experimental  studies  of  these  cases. 

One  group  of  devices  which  promises  to  have  some  useful  applications  ajre 
those  employing  the  active  frequency  doubling  schemes  described  In 
Chapters  V  and  VI.  These  are  of  particular  Interest  since  the  efficiency 
of  the  frequency  conversion  may  be  large,  and  can  in  fact  exceed  one 
hundred  per  cent.  A  second  device  that  Is  of  Importance  Is  the  synchronous 
wave  klystron  described  In  Chapter  III.  As  was  noted  there,  this  eunpllfler 
has  the  advantages  of  the  usual  extended  Interaction  klystron,  but  does 
not  have  some  of  the  same  limitations. 

Thus,  a  single  device  that  wotild  allow  the  Investigation  of  both  the 
synchronous-wave  klystron  and  one  of  the  active  fiequency  doubling  schemes 
would  be  quite  Interesting.  This  may  be  done  simply  by  enq>loylng  two 
resonant  synchronous -wave  couplers  followed  by  a  quadrupole  cavity.  An 
experimental  tube  that  was  designed  in  this  way  is  described  in  Section  A 
below.  Then  the  experimental  results  of  a  study  of  both  the  synchronous - 
wave  klystron  and  a  synchronous-wave  frequency  doubler  are  presented. 

In  addition,  the  fast  cyclotron-wave  doubling  interaction  was  observed 
and  the  experimental  (0-3  characteristic  for  the  fast  cyclotron  wave  was 
measured.  Finally,  the  observation  of  oscillations  in  both  the  quadrupole 
and  coupler  cavities,  for  particular  focusing  conditions.  Is  reported. 

A.  DESCRIFTION  OF  THE  ISVICB 

It  was  pointed  out  above  that  It  Is  possible  to  design  a  composite 
transverse -wave  tube,  consisting  of  two  synchronous-wave  couplers  and  a 
qiiadrupole  cavity,  which  will  edlow  the  Investigation  of  both  the 
synchronous -wave  klystron  cmd  the  synchronous-wave  frequency  doubler.  A 
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schematic  diagram  of  the  composite  transverse-wave  tube  Is  shown  In  Fig.  6.1. 
The  first  section  of  the  tube  Is  a  synchronous -wave  klystron  which  consists 
of  two  resonant  synchronous  wave  couplers  that  are  oriented  so  that  their 
planes  of  polarization  are  perpendicular  to  each  other.  It  was  shown  In 
Chapter  III  that  this  Is  the  requirement  for  meoclmum  gain.  The  couplers 
are  followed  by  a  linearly  polarized  quadrupole  cavity  that  couples  to 
both  synchronous  waves.  This  Is  a  synchronous -wave  frequency  doubler  of 
the  type  described  in  Section  B.3  of  Chapter  VI.  The  quadrupole  cavity 
Is  oriented  as  shown  In  the  figure  so  that  the  synchronous  waves  excited 
by  the  couplers  will  have  the  proper  Input  phase  to  yield  maximum  doubler 
conversion  efficiency. 

The  synchronous  wave  couplers  that  were  used  in  the  device  described 
above  are  the  resonant  transverse- field  cavities  described  In  Chapter  VII 
and  the  Important  characteristics  are  given  In  Table  VII. 2.  The  coupling 
to  the  cavities  consisted  of  an  external  transmission  line  as  shown  In 
Fig.  8.2.  The  transition  between  the  coaxial  line  and  the  strip  transmission 
line  yielded  a  standing-wave  ratio  of  less  than  1.1  over  the  frequency 
range  of  Interest  when  the  strip-line  was  terminated  In  its  characteristic 
Impedance.  The  iris  dimensions  were  eidjusted  so  that  the  cavity  was 
critically  coupled  to  the  external  circuit  In  the  cold  tests.  Unfortunately 
an  error  was  made  in  these  tests  and  the  cavity  was  actually  overcoupled. 

It  Is  desirable  to  have  the  cavity  critically  coupled  since,  as  was  shown 
In  Chapter  III,  the  beam  loading  Is  zero  In  a  linearly  polarized  synchronous- 
wave  coupler.  The  improper  coupling  Indicated  above  can  be  corrected  by 
means  of  external  tuning,  but  even  so,  the  extra  energy  associated  with 
the  mismatch  results  In  a  reduction  of  the  Interaction  Impedance.  For 
qi(ample,  the  Interaction  Impedance  of  eui  exact  replica  of  the  couplers 
In  the  tube  was  ^70  ohms  for  the  fundamental  field  component  In  the  n/^ 
mode  as  compared  to  I7OO  ohms  shown  In  Table  VII. 2. 

Since  three  resonant  cavities  are  Involved  In  the  tube.  It  was 
necessary  to  nmke  two  of  them  tunable  so  that  all  three  wo\ild  be  resonant 
at  the  same  frequency.  The  coupler  cavities  are  Identical  In  design  so 
that  It  was  most  efficient  to  put  the  tuning  mechanisms  In  these  cavities. 

The  resonant  frequency  of  the  coupler  was  varied  by  means  of  a  tuning 
plunger.  In  this  way  the  resonemt  frequency  could  be  varied  between  2.80 
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Power  In  Power  out  Power  out 
at  (D  at  0)  at  ^ 


Coupler 

coupler 

Quadrupole 

ho.  1 

no.  2 

Beam 


(a) 


Beam 


Quadrupole 


(b) 


FIQ.  8.1<— (a.)  'a  sohi^matlc  diagram  of .  the  device  ua^  to'  investigate 
some  of  the  transverse  wave  interactions;  (b)  a  crosa 
section  of  each  of  the  cavities  so  that  the  relative 
orientation  oP  the  periodic  structures  may' be  seen. 
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FIG.  8.2--The  coupler  cavities  were  coupled  to  the  external  circviit 

by  means  of  the  glass  window  and  strip!  line  shown.  The  dis¬ 
tance  d  was  eidjusted  to  give  the  best  transition  from  the 
coaxial  line  to  the  strip!  line. 
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amd  3.00  kMc  without  appreciably  affecting  the  Interaction  Inpedance.  A 
photograph  of  an  assembled  coupler  Is  shown  in  Fig.  8.3  and  the  tuning 
plunger  can  be  seen  cleto-ly.  The  shorting  plates  which  cover  the  ends 
of  the  cavity  are  omitted  In  the  photograph. 

The  quadrupole  cavity  that  was  used  in  the  tube  Is  based  on  the  circuit 
described  In  Section  B  of  Chapter  VII  and  the  Importemt  characteristics  for 
the  resonant  mode  used  In  the  Interaction  are  given  In  Table  VII. 3*  The 
actual  qmdrupole  was  fifteen  periods  long,  or  twenty- seven  haO-f -wave¬ 
lengths  long  for  the  space  harmonic  component  of  the  field,  and  was 
resonamt  at  5.69  kMc  in  the  ii/5  mode.  The  cavity  was  coupled  to  the 
external  circuit  by  meams  of  the  same  windows  used  for  the  coupler  cavities, 
but  in  this  case  the  external  transmission  line  was  a  waveguide.  The 
cavity  was  critically  coupled  to  the  external  circuit  in  order  to  achieve 
maximum  second  harmonic  power  output.  Eqmtlon  (6.^)  shows  that  this 
is  the  optimum  condition.  A  photograph  of  two  quaulrupole  cavities  with¬ 
out  the  shorting  end  plates  is  shown  in  Fig.  8.U^. 

The  electron  gun  employed  in  this  tube  provided  a  Brillouln  flow 
beam.  The  use  of  this  kind  of  focusing  is  generally  desirable  in  synchronous 
wave  devices  which  employ  parametric  interaction  since,  as  was  pointed  out 
at  the  beginning  of  Chapter  II,  such  a  beaun  has  no  initial  zero  frequency 
synchronous  wave  excitation.  To  avoid  dissipation  problems  the  beam 
voltage  was  pulsed.  Typical  operating  characteristics  for  the  beam  were: 

Beam  voltage  3000  ' volts 

Beam  current  0.230  Ampere 

Beam  diameter  O.O7O  in. 

Theoretical  Brillouln  flow  field  .600  Gauss 

The  focusing  conditions  were  not  found  to  be  critical  amd  it  was  possible 
to  vary  either  the  voltage  or  the  magnetic  field  In  order  to  observe  the 
characteristics  of  the  various  Interactions  without  giving  rise  to  current 
Interception  In  a  beam  tunnel  about  0.I60  In.  In  diameter  and  eight  In. 
long. 

A  photograph  of  the  assembled  tube  Is  shown  In  Fig.  8.3.  The  tube 
was  assembled  by  brazing  the  three  cavities  together  and,  therefore. 
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8.4  —  A  photograph  of  two  quadripole  cavities.  The  window  asseohly  and  waveguide  adapter 
shown  in  the  cavity  on  the  right.  The  dark  area  in  the  Iris  region  Is  sone  excess  | 
on  cavity.  The  end  plates  have  been  (knitted  for  clarity. 


there  was  no  dc  isolation  between  the  cavities  and  the  gun  anode.  However, 
the  collector  was  Isolated  so  that  beam  transmission  through  the  rf  portion 
of  the  tube  can  be  determined. 

B.  AMPLIFICATION  Bf  MEANS  OF  SYNOHIiONOUS  VAV^ 

As  mentioned  previously,  the  two  coupler  cavities  of  the  device 
described  above  form  a  synchronous -wave  klystron.  The  experimental 
observation  of  an^llflcation  In  this  device  is  reported  in  this  section 
and  a  comparison  with  the  theoretical  characteristics  is  made. 

The  expected  gain  of  the  synchronous -wave  klystron  can  be  calculated 
from  Eqs.  (3*^)  and  (3.32).  Since  several  space  harmonics  are  Involved 
In  the  interaction  it  Is  necessary  to  replace  KM^  in  this  expression 
with  the  sum  of  these  terms  due  to  each  space  harmonic  as  indicated  in 
Section  A  of  Chapter  III.  The  Importemt  coupler  parameters  that  are  used 
in  calculating  the  gain  were  given  in  Table  VII. 2.  However,  as  noted  above, 
the  Impedance  in  the  table  must  be  multiplied  by  0.33  in  order  to  obtain 
the  tube  cavity  impedance  due  to  the  window  design  error.  The  calculated 
gain  of  the  tube  is  found  to  be  13  db  at  the  optimum  synchronization 
condition.  The  frequency  of  operation  is  Immaterial  as  long  as  it  is 
within  the  tuning  range  of  the  cavities.  Unfortunately,  the  tuning  mech¬ 
anism  in  the  second  coupler  cavity  became  Jammed  after  a  few  tuning 
adjustments,  and  after  this  the  resonemt  frequency  of  the  cavity  had  to 
be  varied  by  means  of  an  external  tuner.  This  has  no  effect  on  the 
klystron  experiment  under  discussion  here,  but  does  present  difficulties 
in  the  frequency  doubling  experiments  to  be  described  in  the  next  sections. 

The  gain  characteristics  of  the  synchronous -wave  klystron  are  shown 
in  Fig.  8.6.  The  power  has  been  corrected  for  coaxial  line  loss  and 
insertion  loos  due  to  a  slight  mismatch  at  the  input  cavity.  Therefore 
the  input  and  output  power  represent  the  actual  power  entering  and 
leaving  the  terminals  of  the  strip-line  adaptors  on  the  cavities.  The 
peak  rf  power  was  measiured  by  means  of  calibrated  crystal  smd  attenuators. 
The  gain  of  the  tube  at  small  signal  levels  is  seen  from  Fig.  8.6  to  be 
7.9  db.  We  have  shown  above  that  the  expected  gain  is  about  13  db.  The 
discrepancy  is  probably  due  to  the  fact  that  the  beam  is  of  finite  dlamter 
and  that  the  circuit  fields  are  not  uniform  across  the  beeun.  The  error 
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FIG.  8.6— A  plot  of  the  output  p< 
power.  The  operating  ] 


here  Is  rather  large  and  Is  cm  Indication  that  the  solution  of  the  thick 
beam  problem  should  yield  some  significant  changes  in  the  quantitative 
description  of  transverse -wave  devices. 

It  is  evident  from  the  experimental  data  that  the  angpllfler  gain 
becomes  dependent  upon  the  input  power  at  a  lower  level  than  might  be 
expected.  The  fraction  of  the  current  that  is  Intercepted  on  the  cavity 
structure  is  shown  In  Fig.  8.7*  It  is  appement  that  the  gradual  decrease 
In  gain  which  occurs  below  about  ten  watts  is  not  a  result  of  c\irrent 
interception.  The  small-signal  theory  presented  in  Chapter  III  predicts 
a  constant  gain.  It  Is  rather  certain  that  the  effect  observed  here  ccm 
be  explained  In  terms  of  a  beam  model  which  is  more  realistic  than  the 
filamentary  beam  description.  That  ia,  the  large  signal  gain  characteristics 
are  determined  by  the  beam  diameter  and  the  nature  of  the  variation  of  the 
circuit  fields  which  act  on  the  beeun  as  it  makes  large  excursions. 

The  rapid  reduction  of  the  gain  which  occurs  above  about  ten  watts 
of  Input  power  Is  due  to  beam  interception.  The  expected  power  level  at 
which  current  Interception  will  begin  can  be  computed  from  Eqs.  (2.20). 

The  beam,  which  has  both  synchronous  waves  excited  on  it  In  the  input 
coupler,  will  begin  to  strike  the  output  coupler  circuit  when  the  maximum 
excursion  exceeds  0.043  in.  This  is  the  radius  of  the  circuit  beam  hole 
minus  the  radius  of  the  beam.  On  this  basis,  the  maximum  power  which 
can  be  carried  by  each  synchronous  wave  without  Interception  is  32  watts. 
Since  both  the  Input  and  output  couplers  are  identical,  we  see  from  (3*48) 
and  (3*52)  that  the  Input  coupler  gain  Is  one-fourth  of  the  square  root 
of  the  total  gain  when  the  output  coupler  Is  critically  coupled  to  the 
external  circuit  as  it  is  here.  By  using  the  actual  gain  curve,  we 
calculate  that  the  interception  shown  in  Fig.  8.7  begins  at  a  power  of 
about  4.5  watts  on  each  synchronous  wave.  This  Is  considerably  less 
than  the  32  watts  calculated  above,  and  may  be  due  to  inaccurate  knowr 
ledge  of  the  beam  diameter.  Some  of  the  discrepancy  may  also  be  a  con¬ 
sequence  of  violations  of  the  filamentary  beeun  model. 

The  dependence  of  the  gain  of  the  synchronous -wave  klystron  on  the 
various  parameters  of  the  system,  also  Investigated.  The  beam  current 
could  be  varied  over  a  small  range  by  changing  the  control  electrode  on 
the  gun.  A  plot  of  the  observed  power  output  as  a  function  of  the  beeun 
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FIG.  8. 7- “Intercepted  current  as  a  function  of  the  input  power  for  the 
synchronous  wave  hlystroa  Tia  operating  parameters  are  shown 
in  the  table  in  the  figure. 
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current  le  shown  In  Fig.  8.8.  The  Input  power  was  constant  In  this 
experiment.  Equations  (3.^)  and  (3*32)  show  that  the  output  should  he 
proportional  to  the  square  of  the  beam  current  and  the  curve  drawn  In 
the  figure  Shows  that  the  experimental  data  have  this  same  behavior.  We 
also  see  that  the  output  power  should  be  Inversely  proportional  to  the 
square  of  the  magnetic  field.  The  experimental  data  shown  In  Fig.  8.9 
verify  that  this  Is  approximately  true.  The  rather  large  discrepancy 
between  some  of  the  data  points  Euid  the  Inverse  sqviare  lav  trend  may  well 
be  due  to  the  changing  dc  beam  configuration  as  the  idaignetlc  field  Is 
varied. 

The  variation  of  the  gain  of  the  eunpllfler  with  the  beam  velocity  Is 
of  Interest  also.  Figure  8.10  shows  a  photograph  of  the  power  output 
of  the  second  coupler  as  the  beam  voltage  Is  swept  through  the  value  for 
synchronism.  The  amplitude  of  the  lower  trace  Is  proportional  to  the  pu'^- 
put  power  while  the  height  of  the  second  trace  above  the  base  line  le 
proportional  to  the  Input  power.  No  correction  for  external  trsinsmlsslon 
line  loss  has  been  Included  here  so  that  the  apparent  gain  Is  smaller  than 
the  actual  tube  gain.  A  detailed  discussion  of  the  shape  of  this  response 
is  given  in  the  next  paragraph.  The  voltage  was  varied  by  adjusting  the 
peak  beam  voltage  so  that  the  synchronous -wave  interaction  took  place 
during  the  decaying  portion  of  the  voltage  pulse.  The  transient  phenomenon 
at  the  right  hand  end  of  the  traces  is  due  to  the  trigger  pulse  which 
initiates  the  beeim  voltage  pulse  and  Is  not  associated  with  the  electronic 
behavior  of  the  tube.  The  third  trace  from  the  bottom  represents  on  the 
same  power  scale  as  before,  the  power  reflected  from  the  Input  coupler. 

The  upper  trace  represents  this  same  reflected  power  which  has  been 
an5)llfled  to  show  more  detail.  The  coupler  le  matched  to  the  external 
circuit  with  the  beam  turned  off  euid  so  the  trace  to  the  right  of  the 
trigger  disturbance  represents  zero  reflected  power.  There  is  a  reflection 
as  soon  as  the  beam  voltage  is  turned  on  and  this  is  due  to  the  interaction 
between  the  fast  cyclotron  wave  and  the  fundamental  component  of  the  coupler 
field.  The  magnetic  field  has  been  adjusted  so  that  the  real  part  of  the 
beam  admittance,  due  to  the  fast  cyclotron  wave,  is  zero,  and  therefore 
we  do  not  observe  any  transmission  through  the  tube  due  to  this  inter¬ 
action.  We  see  that  there  is  no  significant  reflection  from  the  Input 
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®»9~~Th®  normalized  power  output  oT  the  synchronous -wave  klystron  as  a  function  of  the  na^etlc 
field  for  a  fixed  power  input.  The  theoretical  curve  has  been  normalized  to  pass  through 
the  experimental  point  at  583  Gauss. 


PIG.  8.10  —  A  photograph  of  a  series  of  oscilloscope  traces  showing 

some  of  the  synchronism  characteristics  of  the  synchronous- 
wave  klystron.  The  traces,  lettered  from  the  bottom,  rej< 
present;  (a)  output  power,  (b)  input  power,  (c)  reflected 
power  from  input  coupler,  and  (d)  the  reflected  power 
amplified.  The  apparent  gain  is  less  than  the  actual  net 
gain  due  to  external  circuit  losses. 
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coupler  which  cem  be  associated  with  the  synchronous  wave  gain  sbpyn  In 
the  lower  trace.  This  verifies  that  the  two  synchronous  waves  do  Indeed 
have  very  nearly  the  saoe  phase  velocity  since,  If  this  were  not  the 
case,  there  would  be  some  observable  beam  loading.  It  Is  true  that  we 
can  see  some  fluctuation  of  the  reflected  power  In  the  amplified  trace 
and  this  is  evidence  that  the  synchronous  waves  may  not  have  exactly 
the  same  phase  velocity.  A  more  thorough  Investigation  of  this  point  Is 
not  feasible  with  this  device  since  t^e  nature  of  the  beam  motion  is  not 
well  known,  nor  can  the  voltage  and  ciirrent  be  controlled  Independently 
over  a  very  wide  range  due  to  the  electron  optics  in  the  gun  region.  It 
should  be  noted  that  the  small  bump  on  the  left  side  of  the  synchronous 
wave  interaction  is  due  to  the  interaction  between  the  fast  cyclotron 
wave  and  the  space-harmonic  fields  of  the  coupler. 

A  detailed  stiody  of  the  dependency  of  the  gain  upon  the  beam  velocity 
was  made  so  that  the  gain  curve  could  be  compared  with  the  theoretical 
predictions.  The  gain  as  a  function  of  the  beam  volteige  was  measured 
carefully.  It  was  not  feasible  to  keep  the  beam  current  constant  during 
this  experiment  due  to  the  defocuslng  effect  of  the  focusing  electrode 
when  it  was  used  as  a  grid.  Figure  8.11  shows  the  normalized  gain  as  a 
function  of  the  beam  velocity.  The  beam  velocity  plotted  here  does  not 
include  the  space-charge  reduction.  However,  the  theoretical  gain  curve 
has  been  shifted  to  Include  space  charge  by  means  of  the  standard  expressions 
relating  the  beam  voltage  and  velocity  such  as  are  given  by  Chodorow  nn»i 
Susskind.  The  data  have  been  corrected  so  that  they  represent  a  beam 
of  constant  dc  resistance.  This  is  for  convenience  in  the  calculations, 
and  the  correction  is  done  by  assuming  that  the  experimental  dex>endence 
on  the  beam  resistance  is  the  same  as  the  theoretical  dependence.  It 
is  seen  that  the  agreement  between  the  theoretical  and  experimental  results 
is  quite  good.  The  fact  that  the  experimental  curve  is  slightly  broader 
than  the  theoretical  prediction  may  well  be  due  to  a  small  separation 
in  the  phase  velocities  of  the  two  synchronous  waves,  or  perhaps  to  a 
velocity  distribution  of  the  electrons  in  the  beam. 

The  experimental  results  which  have  been  described  above  show  that 
the  synchronous -wave  klystron  is  indeed  a  realistic  device  and  that  a 
good  qualitative  description  of  its  characteristics  is  given  in  terms 
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of  the  filamentary  beam  theory  which  has  been  described.  It  was  found, 
however,  that  the  experimentally  observed  gain  was  about  ^  db  less  than 
the  calculated  value,  and  It  was  pointed  out  that  this  Is  probably  due 
to  the  violation  of  the  filamentary  beam  assumptions.  Finally  It  shoiild 
be  pointed  out  that,  althoiigh  the  observed  gain  was  only  8  db,  the  Inter¬ 
action  Impedance  had  been  reduced  as  a  result  of  an  error  In  the  window 
design.  If  the  value  of  the  interaction  Impedance  which  was  observed  in 
cold  test  cavities  Is  used,  we  predict  that  the  experimental  gain  reported 
above  should  be  Increased  by  about  10  db.  This  Is  a  net  gain  of  l8  db 
which  is  of  significance.  By  sin5>ly  making  the  cavities  longer,  a  very 
large  gain  could  be  achieved. 

C.  FREQUENCY  DOUBLING  WITH  THE  SYNCHRONOUS  WAVES 

The  frequency  doubling  interaction  described  in  Chapter  VI  can  be 
observed  with  the  tube  described  in  Section  A  of  this  chapter  by  using 
one  of  the  synchronous  wave -couplers  as  the  Input  and  the  quadrupole 
cavity  as  the  second  harmonic  output.  The  purpose  of  this  section  is  to 
report  the  results  of  an  experimental  investigation  of  this  interaction 
and  to  compare  them  with  the  theoretical  predictions. 

The  overall  theoretical  conversion  efficiency  of  the  synchronous- 
wave  frequency  doubler  is  calculated  by  considering  the  gain  in  both  the 
input  coupler  and  the  quadrupole  cavity.  The  coupler  gain  Is  given  by 
(3.^3)  while  the  quadrupole  gain  is  obtained  from  (6.**^0).  The  data  for 
the  quadrupole  calculations  are  given  in  Table  VII. 3  of  Chapter  VII.  The 
magnetic  fl\ix  density  used  in  the  experiment  was  5^3  gauss,  as  it  was 
in  the  klystron  experiment  reported  in  the  previous  section.  We  then 
calculate  the  normalization  constant  of  Eq.  (5*33)  and  obtain  the  normalized 
power  p  in  terms  of  the  actual  power  P  : 

p  =  1.66  X  10”^  P  . 

Consequently,  we  have,  from  (6.4o), 

P^  .  -  1.66  X  10'^  P^  , 
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where  is  the  second  harmonic  power  delivered  to  the  load  and 

is  the  power  on  each  of  the  synchronous  waves  at  the  quadrupole  input. 

In  order  to  isolate  the  deviations  from  the  theory  which  occur  in  the 
quadrupole  section  of  the  doubler,  we  use  the  experimentally  observed  gain 
of  the  coupler  to  calculate  the  relation  between  the  input  and  output  power. 
For  essentially  the  same  beam  conditions  as  here,  the  small-signal  gain 
of  one  input  coupler  is  approximately  1.2.  Thus,  we  wo\ild  expect  the  small- 
signal  frequency  doubler  characteristics  to  be  given  by 
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where  is  the  input  power  at  the  fundamental  frequency.  This  result 

will  be  compared  with  the  experimental  findings  given  below. 

The  input  coupler  resonant  frequency  should  be  exactly  half  of  the 
frequency  of  the  quadrupole  cavity  resonance  in  order  to  have  optimum 
operation.  As  was  noted  in  the  previous  section,  the  tuning  mechanism 
of  the  coupler  closest  to  the  quadrupole  was  defective  and  consequently 
it  was  necessary  to  use  the  first  coupler  and  the  quadrupole  for  the 
frequency  doubling  experiments.  The  optimum  orientation  between  the 
coupler  and  the  quadrupole  is  preserved;  however,  the  beam  must  now  pass 
through  the  detuned  coupler  cavity  before  entering  the  quadrupole.  This 
should  have  no  significant  effect  on  the  ^raall  signal  operation  of  the 
device  and  indeed  there  was  a  signal  of  negligible  amplitude  detected  at 
the  second  coupler  during  the  course  of  the  experiments.  However,  there 
is  an  alteration  of  the  saturation  power  due  to  a  reduction  in  the 
dimension  of  the  aperture  through  which  the  beam  ..ast  pass.  The  effective 
aperture  is  now  O.156  in.,  rather  than  the  0.225  in.  dimension  that  would 
have  been  valid  if  the  second  coupler  could  have  been  used  to  excite  the 
synchronous  waves.  This  results  in  a  reduction  of  the  maximum  wave 
amplitudes  that  can  be  excited  in  the  coupler,  and  consequently  the 
conversion  efficiency  will  be  reduced  since  this  is  a  square-law  device, 
as  shown  in  (6.40). 

The  experimentally  observed  second  harmonic  power  is  plotted  as  a 
function  of  the  input  power  in  Fig.  8.12.  The  data  have  been  corrected 
for  the  insertion  loss  of  all  external  transmission  lines  so  that  the 
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power  Indicated  is  that  which  exists  at  the  input  and  output  terminals  of 
the  tube.  The  square-law  characteristic  which  gives  a  good  fit  to  this 
data  at  low  power  levels  is 
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The  corresponding  coefficient  calculated  above  was  2.5  x  10  .  This 

discrepancy  between  experimental  and  theoretical  results  by  a  factor  of 
one  hundred  certainly  Indicates  that  the  filamentary  beam  theory  falls  in 
this  case  as  far  as  quantitative  predictions  are  concerned.  In  the  next 
section  it  will  be  shown  that  the  filamentary  beam  theory  gives  much 
closer  agreement  with  the  experimental  results  for  the  cyclotron  wave  inter¬ 
action  in  the  quadrupole  cavity.  In  that  case  the  quantity  pb  ,  where 
b  is  the  beam  reidlus  and  ^  is  the  wave  propagation  constant,  is  apprdxl- 
mately  O.05  while  for  the  synchronous  wave  Interaction  pb  is  about 
0.5  .  We  would  therefore  expect  thick  beam  effects  to  be  much  more 

significant  in  the  synchronous  wave  case,  and  the  experimental  evidence 
seems  to  bear  this  out.  It  should  be  noted  that  the  theoretical  predictions 
came  much  closer  to  the  experimental  results  in  the  case  of  the  synchronous 
wave  interaction  in  a  coupler  field,  treated  in  the  previous  section,  than 
in  the  case  of  the  quadrupole  interaction  studied  here.  This  indicates 
that  thick  beam  effects  are  much  more  significant  in  qviadrupolar  fields 
than  in  coupler  fields. 

The  large- signal  character  of  the  data  shown  in  Fig.  8.12  is  very 
interesting  and  shows  a  qualitative  deviation  from  the  theoretical  results. 
The  change  from  the  second  power  dependence  of  the  output  power  on  the 
input  power  is  quite  apparent  and  was  observed  in  all  of  the  synchronous - 
wave  doubler  experiments.  That  this  is  an  effect  which  takes  place  in 
the  quadrupole  is  verified  by  the  fact  that  it  was  not  observed  in  the 
synchronous -wave  klystron  experiments  reported  in  Section  B  of  this 
chapter.  This  result  cannot  be  explained  in  terms  of  the  interactions 
described  in  Chapter  VI,  in  which  the  power  characteristic  was  an  exponen¬ 
tial  curve,  because  the  second  harmonic  power  observed  in  this  experiment 
is  not  great  enough  to  give  rise  to  a  deviation  from  the  low-level  square- 
law  characteristic.  It  is  difficult  to  speculate  on  the  exact  nature  of 
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this  phenomenon  because  the  true  character  of  the  beam  is  unkown.  Perhaps 
a  satisfactory  explanation  can  be  made  in  terms  of  the  si>ace-charge  wave 
interactions  which  give  rise  to  the  oscillations  described  in  Section  F 
of  this  chapter.  However,  a  more  thorough  investigation,  with  a  device 
in  which  the  beam  Is  well  defined  and  current  Interception  does  not  occur 
at  such  low  power  levels,  would  be  required. 

In  general,  the  results  of  the  experimental  investigation  of  the 
synchronous- wave  frequency  doubler  employing  a  linearly  polarized  qusdirupole 
cavity  Indicate  that  the  assumptions  of  the  filamentary  beam  theory  devel^ 
oped  in  Chapter  VI  have  been  Violated  in  a  crucial  way.  The  frequency 
doubling  that  is  predicted  Is  observed,  but  the  experimentally  deteimilned 
efficiency  is  two  orders  of  magnitude  less  them  predicted.  It  was  also 
seen  that  some  phenomenon,  in  addition  to  the  synchronous -wave  doubling 
Interaction,  was  taking  place.  Consequently,  while  the  predicted  effect 
was  observed,  there  is  both  a  refinement  of  theory  and  more  experimental 
work  required  in  order  to  make  this  interaction  competitive  with  other 
frequency  doubling  schemes. 

D.  FREQUENCY  DOUBLING  WITH  THE  FAST  CYCLOTRON  WAVE 

The  experiments  described  in  the  last  two  sections  involve  coupling 
between  the  synchronous  waves  and  a  space  harmonic  of  the  circuit  field. 

It  was  also  possible  to  adjust  the  beam  voltage  and  the  magnetic  field 
so  that  there  was  strong  coupling  between  the  fast  cyclotron  wave  and  the 
fundamental  component  of  the  circuit  field  in  both  the  couplers  and  the 
quadrupole.  Consequently,  we  should  observe  the  passive  frequency 
doubling  described  in  Chapter  V.  The  expected  efficiency  of  this  inter¬ 
action  will  be  calculated  and  compared  to  the  experimental  results. 

The  theoretical  conversion  efficiency  of  the  cyclotron-wave  frequency 
doubler  is  computed  by  considering  the  gain  in  both  the  coupler  and  the 
quadrupole  cavity.  The  cavity  gain  is  given  by  (3.29)  and  the  quadrupole 
gain  is  obtained  from  (5»3^).  ^  using  the  data  in  Table  VII. 3  of 

Chapter  VII,  we  calculate  the  normalization  constant  given  in  (5.33). 

The  magnetic  field  intensity  of  815  gauss  and  the  voltage  of  4o80  which 
were  used  in  the  experiment  were  less  than  the  optimum  values  for  syn¬ 
chronism,  but  larger  values  could  not  be  obtained  due  to  equipment 
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limitations.  We  obtain  the  normalized  power  given  by  (!?.33) 


P  -  5.8  P  , 

and  at  small  signal  levels  (2. 3^)  gives 
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Now  this  result  was  derived  under  the  assumption  that  the  fast  cyclotron 
wave  was  synchronous  with  one  component  of  the  circuit  field  and  did  not 
interact  with  any  other  traveling-wave  components.  Neither  assumption 
is  valid  here  because  of  the  error  In  beam  velocity  and  the  shortness  of 
the  quadrupole.  However,  It  was  noted  In  Chapter  V  that,  for  very  low 
power  levels,  the  modification  of  the  results  due  to  other  field  components, 
and  to  errors  in  synchronism.  Is  exactly  the  same  as  In  coupler  circuits. 

2 

That  is,  we  should  multiply  the  above  efficiency  by  the  coefficient  Im^I' 
shown  in  Fig.  3*1.  The  value  of  the  synchronism  error  6  calculated 
from  (3*7)  In  this  case. 


e  =  -  0.56  , 

and  from  Fig.  3*1  we  obtain  for  a  cavity  three  wavelengths  long, 

Im^C-  0.56)1^  =  0.03  . 

Only  the  fundamental  components  of  the  resonant  field  need  be  considered 
here  since  the  space  harmonics  are  far  from  synchronism.  The  theoretical 
value  of  the  conversion  efficiency  in  the  quadrupole  is  found  to  be 
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where  been  set  equal  to  unity.  Of  course,  as  the  power  level 

Is  Increased  the  conversion  efficiency  of  the  quadrupole  will  not  remain  a 
linear  function  of  the  Input  power,  but  will  saturate  at  fifty  per  cent  as 
shown  In  Fig. 

It  was  necessary  to  use  the  first  coupler  to  provide  the  Input  to 
the  qxiadrupole  as  a  result  of  the  tuning  mechanism  difficulty  mentioned 
In  Section  B  of  this  chapter.  It  fd  not  expected  that  this- will  cause 
any  difficulty  In  the  present  case  qlnce  the  second  coupler  cavity  is 
detuned.  Unlike  the  synchronous-wave  case,  the  saturation  characteristics 
should  not  be  altered  because  at  least  in  theory,  the  beam  motion  in  the 
transverse  plane  Is  circular  and  the  dimensions  of  both  couplers  are  the 
same. 

The  experimental  data  showing  the  second  harmonic  power  output  as 
a  function  of  the  fundamental  coupler  power  input  are  plotted  in  Fig.  8.13. 
This  represents  the  overall  power  characteristic  of  the  tube  and  we^  see 
that  a  conversion  efficiency  of  6.7  per  cent  is  achieved.  The  gain  in 
the  input  coupler  was  observed  by  measuring  the  reflection  coefficient  of 
the  coupler  cavity  with  and  without  the  beam  in  the  cavity.  These  results 
give  the  ratio:  of  the  cold  cavity  Q  and  the  Q  of  the  cavity  loaded 
by  the  beam.  We  obtain 
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The  coupler  gain,  given  by  (3*29),  is 
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The  low  level  (square-law)  portion  of  the  curve  in  Fig.  8.13  is  matched 
very  closely  by 
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FIG.  8.13--The  output  power  of  the  cyclotron -wave  frequency  doubler  as 
a  function  of  the  input  power. 
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where  P  la  the  cyclotron  wave  power  at  the  quadxupole  entrance.  This 
result  agrees  very  well  with  the  theoretical  low-level  power  expression 
calculated  above.  Since  the  coupler  gain  Is  0.2^  here,  we  see  from  the 
figure  that  an  experimental  overall  conversion  efficiency  of  about  2^  per 
cent  would  have  been  obtained  If  the  coupler  cavity  window  had  been  designed 
properly.  This  result  Is  approximately  the  same  as  observed  by  Ashkln  with 
Infinite  phase  velocity  structures,  and  there  is  no  reason  the  efficiency 
cannot  be  pushed  much  closer  to  one  hundred  per  cent. 

A  plot  of  the  fraction  of  the  beam  current  which  Is  intercepted  in 
the  input  coupler  is  shown  In  Fig.  8.l4.  Calculations  §how  that  the  current 
interception  begins  much  below  the  value  predicted  by  the  filamentary  beam 
theory,  and  it  is  also  observed  that  the  sharp  decrease  in  power  output 
observed  in  Fig.  8.13  does  not  occur  until  the  input  power  reaches  about 
twice  the  value  at  which  interception  was  first  observed.  On  the  basis 
of  this,  one  is  led  to  believe  that  the  beam  is  expanding  more  than  the 
filamentary  beam  theory  would  predict,  and  that  not  all  of  the  beam  is 
playing  a  significant  role  in  the  coupling  interaction  in  the  input  cavity 
since  the  abrupt  loss  of  signal  transmission  throvigh  the  tube  Is  not 
related  to  the  initial  current  interception.  This  may  be  related  to  beam 
scalloping  as  a  result  of  lnq)roper  focusing  conditions,  or  It  can  be  a 
result  which  is  to  be  expected  for  any  thick  Brlllouin  flow  beam.  Again, 
it  is  apparent  that  the  filamentary  beam  model  falls  in  many  respects. 

This  simple  theory  has,  l^oWever,  provided  a  very  \i8eful  guide  to  a  quali¬ 
tative  description  of  the  transverse -wave  interactions  that  have  been 
observed. 

In  siumnarlzlng  the  results  of  the  experimental  investigation  of  the 
fast  cyclotron -wave  doubler,  it  is  to  be  noted  that  exceptionsJ.ly  good 
agreement  between  the  theoretical  and  experimental  results  is  obtained. 

The  overall  efficiency  of  seven  per  cent  that  was  observed  at  saturation 
was  low  as  a  result  of  the  error  in  window  design  in  the  input  coupler. 

The  queidrupole  frequency  doubling  efficiency  was  in  excess  of  25  per  cent. 

The  good  agreement  with  the  theory  can  probably  be  attributed  to  the 
small  value  of  beam  diameter  measured  in  the  wavelengths  of  the  fast 
cyclotron  wave.  The  one  distinct  disagreement  with  the  theoretical 
predictions  was  the  power  level  at  which  beam  interception  occurs.  In 
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Fraction  of  Beam  Current  Intercepted 


PIQ.  8.14--A  plot  of  the  fraction  of  the  beam  current  that  is  intercepted 
as  a  function  of  the  input  power  for  the  fast  cyclotron-wave 
doubler. 


-  184  - 


all  of  the  experiments  we  have  observed  current  interception  at  much  lower 
values  of  the  input  power  than  woixld  be  expected.  It  is  believed  that 
this  is  a  result  of  a  thick  beam  phenomenon,  and  probably  dc  scalloping 
of  the  beam  as  well. 

E.  DISPERSION  OF  THE  FAST  CYCLOTRON'.  ^AVE 

The  question  as  to  whether  the  propagation  constants  of  the  transverse 

waves  on  the  Brillouin  focused  beam  are  the  same  as  on  a  filamentary  beam 

naturally  arises  in  connection  with  the  experiments  presented  here. 
lA 

Wessel-Berg  has  done  some  theoretical  work  on  wave  propagation  on  thick 
Brillouin  focused  beams  and  arrives  at  the  conclusion  that,  while  additional 
waves  do  arise,  there  is  no  significant  change  in  the  propagation  constants 
of  the  equivalent  of  the  filamentary  beam  transverse  waves  that  are 
associated  with  a  Brillouin  beam.  The  experiment  described  below  was 
carried  out  in  order  to  verify  these  results. 

It  was  possible  to  observe  transmission  through  the  two  couplers  as 
a  result  of  the  fast  cyclotron  wave  coupling  to  the  space  harmonic  field 
components  by  properly  adjusting  the  magnetic  field  and  the  voltage.  The 
shape  of  the  transmission  response  curve  shown  in  Fig.  8.11  is  valid  for 
the  cyclotron  wave  coupling  also  and  it  is  apparent  that  the  velocity  of 
the  cyclotron  wave  can  be  defined  very  well  by  observing  the  maximum 
coupling  through  the  two  couplers.  Although  it  was  not  possible  to  change 
the  phase  velocity  of  the  couplers,  the  combinations  of  magnetic  field 
and  beam  voltage  which  yield  a  cyclotron  wave  phase  velocity  that  gives 
maximum  transmission  can  be  observed.  It  is  then  possible  to  normalize 
this  data  so  that  an  a>-p  diagram  for  the  fast  cyclotron  wave  is  obtained. 
The  data  were  taken  by  changing  the  magnetic  field  in  discrete  steps  and 
observing  the  beam  voltage  that  yielded  maximum  coupling.  This  insures 
that  the  cyclotron  wave  has  the  same  phase  velocity  at  each  point.  The 
beam  current  was  varied  at  each  point  to  verify  that  the  optimum  voltage 
was  independent  of  the  current.  This  was  to  be  expected  in  this  experi¬ 
ment  since  the  beam  voltage,  and  therefore  the  current,  was  qullbe  small. 

The  normalized  data  taken  in  this  way  are  plotted  in  Fig.  8.I5.  The 
agreement  between  the  curve  based  on  the  filamentary  beam  model  and  the 
experimental  data  is  excellent.  There  is  a  slight  deviation  at  frequencies 
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FIG.  8.15--The  cu-P  characteristic  of  the  fast  cyclotron  vave. 
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near  the  cyclotron  frequency  which  is  of  the  same  nature  as  the  deviation 
predicted  by  Van  Hoven  and  Vessel -Berg.  Because  of  the  way  that  these 

data  were  taken,  it  is  not  possible  to  make  a  niuaerical  coinparison  with 
the  results  in  the  inference  cited  above.  For  example,  it  is  almost 
certain  that  the  beam  diameter  varied  in  this  experiment.  These  results 
do  indicate  that  the  propagation  constant  of  the  fast  cyclotron  wave  is 
essentially  the  same  as  that  predicted  by  the  filamentary  beam  theory. 

F.  MDNOTRON  OSCILLATIONS 

No  mention  of  oscillations  was  made  in  the  descriptions  of  the  various 
experiments  reported  above.  Special  care  was  tsjfken  to  look  for  instabilities 
at  all  stages  of  the  investigation  and  none  were  associated  with  the  above 
experiments.  However,  oscillations  were  observed  in  both  the  coupler  and 
quadrupole  cavities  when  the  axial  magnetic  field  was  perturbed  in  a 
particular  way. 

It  was  observed  that,  for  particular  synchronism  conditions,  it  was 
possible  to  cause  oscillations  in  the  quadrupole  cavity  by  placing  a 
steel  rod,  one-quarter  inch  in  diameter,  near  the  quadrupole  euid  parallel 
to  it.  The  peak  output  power  obtained  in  this  way  was  22.0  watts  at 
5.70  kMc,  with  a  pealc  dc  beam  power  of  15OO  watts.  It  is  apparent  that 
this  is  not  an  insignificant  process.  Similar  oscillations  were  observed 
in  the  coupler  cavities.  In  all  cases  the  oscillations  were  accompanied  by 
beam  interception.  The  position  of  the  perturbing  rod  that  yielded 
oscillations  was  one  in  which  the  beam  would  be  deflected  toward  a  set 
of  pins  in  the  slow  wave  structure.  For  example,  the  optimum  perturbing 
rod  position  in  the  case  of  the  quadrupole  oscillations  was  in  the  plane 
of  any  one  of  the  four  sets  of  pins  that  make  up  the  quadrupole  structure. 

Several  explanations  for  these  results  might  be  plausible.  One 
explanation  could  be  that  secondary  electrons  due  to  the  beam  striking 
the  slow-wave  structure  could  be  giving  rise  to  the  oscillations.  How¬ 
ever,  by  varying  the  external  load  on  the  cavities  it  was  determined 
that  the  beam  interception  was  due  to  an  rf  phenomenon  and  was  not  due 
to  the  perturbed  dc  trajectory  of  the  beam.  A  second  explanation  could 
be  based  upon  a  parametric  interaction  between  the  circuit  and  a  dc  ’’pump" 
wave  which  was  excited  on  the  beam  by  the  magnetic  field  perturbation. 
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This  would  have  been  an  attractive  solution  because  It  might  have  offered 

evidence  of  the  existence  of  some  of  the  new  transverse  waves  described 
Ik 

by  Wessel-Berg.  However,  no  combination  of  the  transverse  waves  could 
be  found  that  would  explain  the  oscillations  In  this  way. 

Finally,  the  answer  that  Immediately  suggests  Itself  Is  the  one  that 
fits  the  data.  The  proper  explanation  Is  that  the  beam  Is  shifted  off  of 
the  tube  axis  by  the  perturbing  rod  so  that  the  symmetry  of  the  fields 
acting  on  the  beam  Is  destroyed.  The  beam  Is  now  In  a  region  where  It 
observef^  transverse  fields  with  a  superimposed  longitudinal  field,  and 
It  Is  the  coupling  of  the  slow  space-charge  wave  to  this  longitudinal 
field  that  results  In  the  oscillations.  For  example,  strong  oscillations 
were  observed  in  both  the  quadrupole  and  the  coupler-cavities  for  the 
conditions 


Vq  =  4250  volts 

Iq  =  0.350  anp 

Bq  =  675  Gauss 

The  plasma  frequency  is  obtained  from  the  cyclotron  frequency,  since  this 

is  a  Brillouin- focused  device,  and  a  knowledge  of  the  approximate  beam 

diameter  as  well  as  of  the  circuit  dimensions  allows  an  estimate  of  the 

space-charge  reduction  factor  by  means  of  curves  such  as  are  given  by 
39 

Beck.  It  is  found  that  the  phase  velocity  of  the  slow  space-charge  wave 
Is 


V 

«  0.11  , 

c 

which  is  very  close  to  the  phase  velocity  of  the  first  backward  space 
harmonic  In  both  the  couplers  and  the  quadrupole.  Since  these  oscillations 
are  a  result  of  an  unmodulated  beam  Interacting  with  a  single  resonant 
cavity,  they  have  been  called  monotron  oscillations  here.  Since  the 
Interaction  happens  to  be  with  a  negative  phase  velocity  component  of 
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the  circuit  field,  some  might  feel  It  preferable  to  call  this  backward- 
wave  oscillation.  * 

The  main  Importemee  of  these  results  Is  that  they  show  that  beam 
misalignment  can  cause  oscillations.  This  would  be  particularly  evident 
In  long  structures  In  which  the  coupling  occurs  over  many  wavelengths. 
However,  the  ordinary  care  that  was  exercised  In  the  construction  of  the 
device  described  here  was  quite  sufficient  to  avoid  difficulties. 


CHAPTER  IX 


SUMMARY 

In  general,  the  plan  of  the  vork  presented  In  this  report  has  been 
to  use  the  coupled  mode  approach  to  describe  certain  classes  of  transverse - 
wave  Interactions,  and  then  to  experimentally  Investigate  those  Inter¬ 
actions  which  appeared  to  be  most  likely  to  result  in  devices  that  perform 
a  useful  function.  An  outline  of  the  major  divisions  of  the  work  Is 
presented  below,  along  with  a  summary  of  the  way  In  which  each  part  rep¬ 
resents  a  contribution  to  the  vinderstandlng  and  utilization  of  transverse- 
wave  interactions. 

The  purpose  of  Chapters  II,  III,  and  IV  was  to  present  an  explicit 
and  unified  description  of  the  various  types  of  transverse-wave  couplers 
that  employ  either  traveling-wave  or  standing-wave  circuits.  The  fila¬ 
mentary  beam  model  has  been  used  throughout  the  anedysls  and,  althouf^ 
this  represents  a  limitation,  it  Is  felt  that  a  good  qiialltative  descrip¬ 
tion  of  the  basic  Interactions  is  found  In  this  way.  The  results  derived 
in  these  chapters  should  serve  as  a  useful  guide  to  the  design  of  couplers, 
and  the  description  of  both  resonant  and  traveling-wave  couplers  In  the 
same  notation  makes  it  easier  to  stxjdy  transverse -field  circuits  without 
specifying  the  manner  in  which  they  are  to  be  used.  The  cov^>led  mode 
formulation  of  the  twisted  circuit  interactions  makes  it  possible  to  gain 
a  better  understanding  of  this  class  of  couplers.  In  particular.  It  was 
observed  that  any  two  transverse  waves  of  opposite  polarization  can  be 
excited  equally  in  a  twisted  coupler.  On  the  other  hand,  the  twisted 
coupler  can  be  used  to  discriminate  between  waves  with  the  same  phase 
velocity  and  opposite  poleirlzation. 

Chapters  V  and  VI  presented  the  coupled  mode  theory  of  transverse- 
wave  frequency  doublers.  These  devices  consist  of  an  input  transverse- 
wave  coupler  and  a  quadrupole  structure  for  the  second  harmonic  power 
output  cavity.  The  theory  inclxided  a  study  of  some  new  interactions  as 
well  as  a  new  formulation  of  the  fast  cyclotron-wave  doubler  that  has 
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been  described  before.  Several  of  the  nev  Interutions  have  some 
promise  as  useful  devices  because  they  lead  to  hl^di  conversion  efficiencies 
by  means  of  an  active  process.  The  doublers  enplqylng  both  of  the  syn¬ 
chronous  vaves  were  of  particular  interest  because  of  the  opportunity  to 
obtain  gain  In  the  Input  coupler  and  thereby  Increase  the  overall  con¬ 
version  efficiency  of  the  device. 

The  studies  reported  in  Chapters  VII  and  VIII  described  some  new 
trsuisverse-fleld  circuits,  and  the  results  of  an  experimental  Investiga¬ 
tion  of  some  of  the  Interaction  schemes  that  were  considered  in  the  first 
part  of  this  report.  The  synchronous- wave  klystron  described  in  Chap¬ 
ter  III  was  investigated  and  the  observed  8  db  gain  is  felt  to  be 
significant  because  this  Is  the  first  experimental  observation  of  this 
phenomenon.  Freqviency  doubling  by  means  of  both  the  synchronous  waves 
and  the  fast  cyclotron  wave  was  also  observed.  The  conversion  efficiency 
of  the  synchrono\i6-wave  doubler  was  much  smaller  than  the  value  predicted 
on  the  basis  of  the  theoretical  work,  while  the  experimental  and  calcu¬ 
lated  efficiencies  of  the  cyclotron-wave  doubler  agreed  very  well.  These 
results  indicate  that  the  fllan»ntary  beam  model  used  in  the  theory  is 
probably  inaidequate  as  far  as  quantitative  descriptions  of  slow-wave 
interactions  involving  thick  beams  in  quadrupole  fields  are  concerned. 

The  quadrupole  conversion  efficiency  of  25  per  cent  that  was  obtained  in 
the  cyclotron- wave  doubler  does  show  that  this  interaction  is  practicable 
in  devices  that  use  periodic  circuits  to  reduce  the  magnetic  field 
requirement. 
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APEEMDIX  A 


IMEBDAHCES  OF  IDEALIZED  SLOW-WAVE  CIRCUITS 


In  order  to  compute  the  ultimate  interaction  Impedance  vhlch  might 
be  obtained  with  a  longitudinal-field  traveling -wave  clrcviit,  Pierce'^ 
Introduced  a  hypothetical  circuit  which  had  only  the  field  of  interest 
in  the  interaction,  and  the  extraneous  fields  as  required  by  Maxwell's 
equations  (assuming  slow  waves).  Then,  by  using  the  assumed  field  varia¬ 
tions  that  are  appropriate  to  the  postulated  cylindrical  symmetry  of  the 
ideal  circiiit,  it  was  possible  to  match  the  external  and  internal  fields 
at  the  circuit  by  means  of  the  continuity  relations,  and  obtain  the  fields 
everywhere  in  terms  of  the  axial  electric  field.  The  energy  stored  per 
unit  length  was  then  calculated  and,  by  Introducing  the  group  velocity, 
the  interaction  ln5)edance  of  the  circuit  was  determined. 

This  same  approach  may  also  be  applied  in  the  case  of  transverse- 
field  circuits.  By  doing  this  it  will  not  only  be  possible  to  obtain  an 
upper  bound  to  the  impedance  of  transverse-field  circuits,  but  it  will 
also  allow  some  comparison  of  the  ultimate  capabilities  of  this  class  of 
circuits  with  those  of  the  longitudinal-field  circuits.  We  calculate  here 
the  Impedance  of  an  Idealized  TE  circuit  which  is  ciicularly  polarized. 
The  circularly  polarized  circuit  is  the  interesting  case  since  the 
transverse  waves  on  a  beam  are  circularly  polarized. 

We  begin  with  the  equations  relating  the  electric  fields  to  the 
longitudinal  electric  and  magnetic  fields  in  cylindrical  coordinates: 
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where 
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We  are  assuming  variation  here.  For  slow  waves  (v/c  <  <  l), 

we  define  7  <■  and  Eqs.  (A.l)  are  approximately 
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For  a  circularly  polarized  circuit  the  6-varlatlon  Is  chosen  to  be 
e"*^®  .  Then  assuming  that  there  Is  no  axial  electric  field,  Eq.s.  (A.2) 

become 
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The  appropriate  solutions  for  H  ,  with  the  z-  and  0-varlatlcMi 

z 

suppressed,  are 
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vhere  the  superscripts  Indicate  fields  Inside  and  outside  of  the 
cyllndrlcally  symmetric  circuit,  A  and  B  are  arbitrary  constants, 
and  and  are  the  modified  Bessel  and  Hankel  functions.  After 
substituting  these  fields  Into  Eqs.  (A. 3)«  matching  Eg  across  the  cir¬ 
cuit  boundary  (at  r  *  a)  ,  and  choosing  E^(0)  to  be  unity,  we  obtain 
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Ix(Pr) 
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eJ  .  -J  2  (pr) 

K^(pa)  pr 

e2  =  -  J  2 
^  K^(Pa)  ^ 


The  total  average  stored  energy  per  unit  length  Is  twice  the  average 
electric  energy  stored,  or 


By  substituting  Eqs.  (A. 4)  Into  this  expression,  we  obtain  Integrals  which 
are  simply  evaluated  by  means  of  standard  recurrence  relations  and 
Integral  formulas.  The  res\iltlng  expression  for  the  energy  stored  per 
unit  length  In  the  hypothetical  circuit  Is 
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The  arguments  of  the  cylinder  functions  are  all  Pa  and  have  been 
omitted.  The  transverse  Interaction  Impedance,  defined  by  (2.l8),  Is 
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where 
Impedance  is 


Vg  Is  the  circuit  group  velocity. 


The  final  expression  for  the 
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If  the  longltudlnal-fleld  circuit  (TM)  Impedemce  Is  defined  In  the 
same  way  as  the  transverse  impedance  ,  we  have 
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from  Pierce's  results. 
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(A.  7) 


Equations  (A.6)  and  (A. 7)  are  plotted  in  Fig.  7*2. 


Pierce's  definition  of  impedance  differs  from  that  used  here, 
since  he  engdoys  the  field  at  the  circuit  rather  than  on  the  axis. 
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APPENDIX  B 


MEASUREMENT  OF  INTERACTK^  IMPEDANCES 

The  interaction  impedances  of  the  circuits  described  in  Chapter  VII 
vere  determined  by  a  frequency  perturbation  technique.  A  section  of  the 
slow  wave  structure,  an  integral  number  of  periods  long,  was  shorted  at 
the  ends  to  form  a  resonant  cavity,  and  the  shift  in  resonant  frequency 
was  noted  when  a  metal  needle  was  placed  in  the  cavity  field.  It  is 
noted  below  that  the  frequency  perturbation  produced  by  a  thin  needle  is 
proportional  to  the  sqioare  of  that  electric  field  component  that  is  par¬ 
allel  to  the  needle.  Consequently,  a  needle  that  is  placed  in  the  plane 
that  is  transverse  to  the  axis  of  the  cavity  can  be  used  to  determine 
the  axial  distribution  of  the  transverse  field  and  to  note  the  angular 
distribution  of  the  field  in  any  transverse  plane.  If  it  is  desirable 
to  have  a  frequency  pertwhation  that  is  independent  of  the  orientation 
of  the  perturbing  object,  a  cross  made  of  two  needles  that  are  perpendic¬ 
ular  to  each  other  may  be  used.  This  is  useful  since  it  is  often  desirable 
to  support  the  needles  on  a  thread  so  that  the  orientation  cannot  be 
controlled.  A  drinking  straw  was  found  to  be  a  very  suitable  vehicle  for 
the  needle  when  it  is  desirable  to  control  the  orientation.  The  deter¬ 
mined  transverse-field  distribution  along  the  axis  of  the  cavity  can  be 
used  to  compute  the  space  harmonic  anqilitudes  of  the  traveling-wave 
circuit  by  matching  assumed  space-harmonic  series,  composed  of  forward 

and  reverse  propagating  waves,  to  the  data  in  a  manner  very  similar  to 

40 

that  described  by  Gallagher. 

The  traveling-wave  interaction  impedance  is  calculated  from  the 

frequency  perturbation  and  the  needle  dimensions  by  means  of  an  expression 

4l 

that  is  derived  from  an  equation  given  by  Ginzton.  The  reference 
states  that  the  shift  in  resonant  frequency  of  a  cavity  when  a  needle  of 
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length  2a  and  diameter  Zb  la  placed  parallel  to  a  uniform  electric 
field  Is  given  by 


2  2 

-2^ —  -  F(b/a)  r  W  ,  (B.l) 

“O 

where  oJq  Is  the  natural  resonant  frequency  of  the  cavity  and  o)  Is  the 
perturbed  resonant  frequency.  The  F(b/a)  Is  a  shape  factor  for  the 
needle  that  Is  given  In  the  reference,  and  Is  given  by 


2U 


(B.2) 


where  E  is  the  electric  field  at  the  needle  and  U  Is  the  energy  stored 
in  the  cavity.  Equation  (B.l)  Is  used  below  to  relate  the  Impedance  of 
a  coupler  and  a  quadrupole  type  circxiit  to  the  perturbaticm  data. 

1.  Irgpedance  of  a  Linearly  Polarized  Coupler 

If  a  circuit  siqpportlng  a  single  traveling-wave  Is  shorted  to  make 
a  cavity,  the  peak  field  Is  related  to  the  field  of  the  forward  wave 
component  on  the  circuit  by 


(B.3) 


and  the  energy  stored  per  unit  length  in  the  forward  propagating  wave  is 
related  to  the  total  energy  stored  in  the  cavity  by 


1  U 

2  L  * 


(B.4) 


where  L  Is  the  length  of  the  cavity.  The  power  that  is  carried  by  the 
forward  propagating  wave  Is 


Vg 


(B.5) 


-  197  - 


vhere  v  is  the  group  velocity.  Finally,  by  combining  these  equati(»as 
S 

and  using  the  definition  of  the  transverse  interaction  Inpedance  given 
in  Chapter  II, 
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ve  obtain  the  In^edance  in  terms  of  the  known  clrciilt  and  needle  quantities 
and  the  frequency  shift 
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(B.T) 


For  8  «  1  ,  we  obtain 


=  15  [F(b/a)  I  (Vg/c)(Pa)^]  ^  8  .  (B.7) 

In  general,  there  will  be  space  harmonic  coaq>onents  in  the  field  and 
(B.T)  must  be  modified.  The  impedance  of  the  n  space  heunnonic  is 
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where  B^/E  Is  the  ratio  of  the  space  harmonic  amplitude  to  the  amplitude 
of  the  field  which  gave  the  frequency  perturbation. 

2.  Impedance  of  a  Linearly  Polarized  Quadrupole 

In  the  calculation  of  the  gain  of  the  quadrupole  frequency  doublers 
we  need  to  use  a  value  for  R  which  is  defined  to  be 

q 

R  ,  (B.9) 
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is  the  power  which 
An  approximate 


where  is  the  forward  propagating  voltage  and  P 
oust  he  supplied  by  the  beam  to  establish  this  . 

determination  of  can  be  made  by  means  of  the  perturbation  procedure 
described  above. 


A  cross  section  of  a  quadrupole  cavity  and  the  needle  orientation 
are  shown  in  Pig.  B.l.  The  unperturbed  potentisJ.  at  the  position  of  the 
needle  is 
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so  that  the  field  la 


E 


V  X 
2^- 

^0  ^0 


(B.IO) 


(B.ll) 


An  effective  uniform  field  for  use  in  the  perturbation  equations  is 
taken  to  be  that  field  which  gives  the  same  energy  stored  in  the  volume 
to  be  removed  by  the  needle  that  is  stored  there  in  the  actual  queidrupole 
field,  that  is. 


The  effective  field  is  then 


(B.12) 


(B.13) 
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X. 


Needle 


FIG.  B.1--A  schematic  diagi'am  of  the  quadrupole  shoving  the  needle 
orientation. 
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The  quantity 


) 


2 


(B.14) 


is  exactly  the  impedance  obtedned  in  terms  of  the  frequency  pertur¬ 
bation  in  (B.8).  Upon  combining  Eqs.  (B.8),  (B.9)i  (B.13)»  (B.l4)  euid 
the  definition  of  the  Q  of  the  cavity  and  its  load, 

Q  •  ojU/P  ,  (B.15) 


we  obtain 


(b.i6) 


Thus,  a  perturbation  measurement  and  determination  of  the  Q  of  the 
cavity  allows  the  calculation  of  R 

1 


* 
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APPENDIX  C 


SPACE  HARMONICS  IN  TRANSVERSE-WAVE  COUPLERS 

In  order  to  calculate  the  amplitudes  of  the  space  harmonic  components 
of  the  field  to  be  expected  In  transverse-field  couplers,  we  employ  the 
model  shown  In  Fig.  C.l.  It  Is  assumed  that  there  Is  no  variation  of  the 
field  In  the  y  direction.  Because  the  circuit  Is  periodic  In  the  z 
direction,  we  will  have  space  harmonics  with  propagation  constants 

where  Is  the  fvindamental  propagation  constant.  An  appropriate 

expansion  for  the  potential  V  at  a  point  between  the  upper  and  lower 
halves  of  the  circuit  is,  in  rectangular  coordinates, 

Za 

—  sinh  S  X  e  "  ,  (C.2) 

6 

n*-oo  n 


so  that  the  transverse  field  Is 

\  '  A  \  ^n  ^  ®  ^  ^^-3) 

n=-oo 

To  determine  the  anplitudes  a^  ,  we  match  (C.2)  to  the  assumed  potential 
of  the  circuit  at  x  «  a  : 
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FIG.  C.l — The  circuit  model  used  to  calculate  space  harmonic  amplitudes. 
The  circuit  is  uniform  in  the  y  direction. 
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Then,  using  the  orthogonality  In  z  ,  we  Integrate  over  the  period  to 
obtain 


(C.4) 


For  small  P^a  ,  the  last  factor  In  (C.4)  Is  vinlty  and  to  the  same 
degree  of  accuracy  the  transverse  variation  of  E  In  (C.3)  may  be 
neglected. 

These  results  may  be  used  to  determine  the  requirements  on  d  and 
p  In  order  to  maximize  the  Impedance  of  a  particular  space  harmonic.  In 
order  to  do  this  for  the  space  harmonic  denoted  by  n  *  k  ,  we  maximize 
the  ratio  of  the  square  of  the  harmonic  amplitude  to  the  average  of  the 
square  of  the  electric  field.  That  Is,  we  look  for  the  maximum  of 


2 


where 


L/2 

r 

j 

zL  %  ® 

-L/2 

n=’-M 

dz  0,  \ 


(C.5) 


This  Is  exactly  the  result  obtained  by  Pierce  for  longitudinal  field 
circuits  and  the  solutions  are: 


tk 


If 


®tk  <  2.33 


0gjj  -  2.33  If  0^j^>2.33 


(C.6) 


-  204  - 


RBRRBICE8 

1.  C.  L.  Cucela  and  J.  S.  Donal,  Jr.,  '^e  Electron  Coupler  -  a  Spiral 
Beam  UHF  Modulator,"  Electronics  2^,  80  (1950). 

2.  C.  L.  Cuccla,  '^e  Electron  Coupler  -  a  Developmental  Tube  for 
Amplitude  Modulation  and  Power  Control  at  Ultra-High  Frequencies," 

RCA  Rev.  m,  72-99  (March  1953)- 

3.  R.  Adler,  G.  Hrbek,  axid  G.  Hade,  '^e  Quadrupole  Amplifier,  a  Low- 
Noise  Parametric  Device,"  Proc.  IRE  Uj,  1713-I723  (October  1959). 

U.  E.  I.  Gordon,  "A  Transverse  Field  Traveling-Wave  Tube,"  Proc.  IRE  U6, 
1158  (June  i960). 

5.  T.  J.  Bridges  and  A.  Ashkin,  "A  Microwave  Adler  Tube,"  Proc.  IRE 

361-363  (March  i960). 

6.  T.  Vessel-Berg  and  K.  Bl/itekjaer,  "A  DC-Pumped  Amplifier  Using  Space- 
Periodic  Magnetic  Field,"  Norwegian  Defense  Research  Establishment 
Internal  Report  R-120  (June  1962). 

7.  L.  Malter,  "Deflection  and  Impedance  of  Electron  Beams  at  High 
Frequencies  In  the  Presence  of  a  Magnetic  Field, "  RCA  Rev.  Yj  439 
(April  1941). 

8.  L.  P.  Smith  and  C.  I.  Shulman,  "Frequency  Modulation  and  Control  by 
Electron  Beams,"  Proc.  IRE  644-657  (July  19^7). 

9.  C.  L.  Cuccla,  ''The  Electron  Coupler  -  a  Developmental  Tube  for  Aiig)lltude 
Modulation  and  Power  Control  at  Ultra-High  Frequencies, "  RCA  Rev.  X/ 
270-303  (June  1949). 

10.  A.  E.  Slegman,  ''The  Waves  on  a  Filamentary  Electron  Beam  In  a  Transverse 
Field  Slow-Wave  Structure,"  J.  Appl.  Riys.  17-26  (January  i960). 

11.  R.  W.  Gould  and  C.  C.  Johnam,  "Coupled  Mode  Theory  of  Electron  Beam 
Parametric  Amplification, "  J.  Appl.  Riys.  ^  248-258  (February  1961). 

12.  T.  Wessel-Berg,  "Electronic  Intereictlon  Theory  for  Transverse-Wave 
Couplers, "  Microwave  Laboratory  Report  No.  922,  Stanford  University 
(June  1962). 


-  205  - 


13 •  E.  I.  Gordon,  '^Transverse  Electron  Beam  Waves  in  Varying  Magnetic 
Fields,"  B.S.T.J.  1603-1616  (November  i960). 

14.  T.  Vessel -Berg,  "A  Thick  Beam  Analysis  of  Tremsverse-Wave  Propagation 
on  Electron  Beams,"  Nlcrouave  Laboratory  Report  No.  978>  Stanford 
University  (November  1962). 

15.  N.  B.  Chakrabortz,  "Analysis  of  Fast  Wave  Couplers  for  Transverse 
Field  Beam-Type  Parametric  Amplifiers,"  J.  Electr.  and  Contr.  3^, 

147  (Febriiary  I96I). 

16.  T.  Vessel -Berg,  ''Transverse-Field  Couplers  for  Electron  Beams," 
Norwegian  Defense  Research  Establishment  Internal  Report  No.  R-9T 
(July  1961). 

17.  E.  I.  Gordon,  "A  Neu  Microwave  Amplifier,"  Bell  Labs.  Internal 
Memorandum  59-124-24  (August  1959) • 

18.  A.  E.  Siegman,  ''The  DC  Pumped  Quadrupole  -  a  Wave  Analysis,"  Stanford 
EDL  Technical  Report  No.  159-1  (March  i960). 

19.  K.  Bl/4tekjaer  and  T.  Vessel -Berg,  "Some  Aspects  of  Cyclotron-Wave 
Amplification  in  Time-Periodic  and  Space-Periodic  Fields,"  presented 
at  the  International  Congress  on  Microwave  Tubes,  Munich,  Germany 
(June  i960). 

20.  C.  L.  Cuccla,  "Parametric  Aaiplification,  Power  Control,  and  Frequency 
Multiplication  at  Microwave  Frequencies, "  RCA  Rev  XXI,  228-244 
(June  i960). 

21.  A.  Ashkin,  "A  Microwave  Adler  Tube,"  presented  at  the  International 
Congress  on  Microwave  Tubes,  Munich,  Germany  (June  i960). 

22.  P.  A.  Lindsay  and  J.  Gaunter,  "Crossed  Field  Frequency  Doubler," 
General  Electric  Co.,  Ltd.,  Central  Research  Laboratories,  Report 
No.  13,  877c  (April  1961). 

23.  W.  H.  Louisell,  Coupled  Mode  and  Parametric  Electronics,  (John  Wiley 
and  Sons,  New  York,  i960).  Section  1.7- 

24.  A.  Nordbotten,  "An  Experimental  Synchronous -Wave  AD5>lifier, "  Norwegian 
Defense  Research  Establishment  Report  No.  R-II9  (June  1962). 

25.  T.  Weasel -Berg,  "Space-Charge  Wave  Theory  of  Interaction  Gaps  and 
Multi -Cavity  Klystrons  With  Extended  Fields, "  NoiTjegian  Defense 
Research  Establishment  Report  No.  32  (September  i960).  Chapter  5* 

26.  G.  Bernstein  and  J.  Felnstein,  ''The  Larmotron  -  a  DC  Puitg>ed  Quadrupole 
Amplifier,"  SFD  Laboratories,  Inc.  Report  (June  I961). 


-  206  - 


27.  W.  H.  Loulsell,  op.  eit..  Sections  3*3  and  3*5. 

28.  D.  A.  Watkins,  Topics  In  Electromagnetic  Theory.  (John  Wiley  and 
Sons,  Inc.,  New  York,  1958) >  P.  2. 

29.  K.  Bl/tekjaer  and  T.  Wessel-Berg,  private  correspondence. 

30.  J.  M.  Manley  and  H.  E.  Rowe,  "Some  General  Properties  of  Nonlinear 

Elements  -  Part  I,"  General  Energy  Relations,  Proc.  IRE  90^”913 
(July  1956).  ^ 

31.  K.  Bl/tekjaer,  "A  Proposed  Harmonic  Generator  Tased  on  Cyclotron 
Waves,"  IRE,  Trans.  PGED,  ED-9«  27-32  (January  I962). 

32.  A.  D.  Wheelon,  "A  Short  Table  of  Summable  Series,"  Douglas  Aircraft 

Co.,  Inc.,  Report  No.  SM-l46^  (February  1953) >  13.108  and 

13.112. 

33.  C.  C.  Johnson,  "An  Investigation  of  the  Magnetic  Transverse  Waves  on 
an  Electron  Beam,"  IRE,  Trans.  PGED,  ED-9.  288-295  (May  I962). 

3^.  R.  C.  Honey,  "A  TW  Electron  Deflection  System,"  Stanford  ERL  Technical 
Report  No.  63  (May  1953). 

35.  J.  Sorland,  "Investigation  of  a  Periodic  Transmission  Line  for  Use 

as  a  Transverse-Wave  Coupler, "  Norwegian  Defense  Reseaurch  Establishment 
Internal  Report  No.  R-110  (March  I962). 

36.  J.  R.  Pierce,  Traveling-Wave  Tubes,  (D.  Van  Nostrand  Co.,  Inc., 
Princeton,  New  Jersey,  1950),  Appendix  III. 

37.  M.  Chodorow  and  C.  Susskind,  "Fundamentals  of  Microwave  Tubes,"  Notes 
for  a  course  given  at  Stanford  University,  Section  2.7. 

38.  G.  C.  Van  Hoven  and  T.  Wessel-Berg,  "Negative  Energy  Fast  Waves  In 
Brlllouin  Flow  Beams,"  Microwave  Laboratory  Report  No.  990,  Stanford 
University  (December  I962). 

39.  A.  H.  W.  Beck,  Space-Charge  Waves.  (Pergamon  Press,  New  York,  I958), 

P.  119. 

^0.  W.  J.  Gallagher,  "Measurement  Techniques  for  Periodic  Structures, " 
Microwave  Laboratory  Report  No.  767,  Stanford  University  (November 

i960). 

4l.  E.  L.  Glnzton,  Microwave  Measurements,  (McGraw-Hill  Book  Co.,  Inc., 

New  York,  1957)^  PP.  4i»8-51.' 

k2.  J.  R.  Pierce,  op.  cit..  Section  ^.4.  * 


207 


DISTRIBUTION  LIST 


CONTRACT  NOIR  225  (^*8) 

cc  Addresses  cc  Addresses 


2  Cliief  of  Naval  Research 
Department  of  the  Navy 
Washington  25,  D.  C. 

Attention:  Code  427 

1  Commanding  Officer 

Office  of  Naval  Research 
1030  E.  Green  Street 
Pasadena,  California 

1  Commanding  Officer 

Office  of  Naval  Research 
Branch  Office 
346  Broadway 
New  York  13,  New  York 

Director 

Naval  Research  Laboratory 
Washington  25,  D.  C. 

1  Attention:  Code  3400 

1  3600 

1  3900 

1  3930 

1  19iK) 

2  Chief,  Bureau  of  Naval  Weapons 
Department  of  the  Navy 
Washington  25,  D.  C. 

Attention:  RREN 

1  Director 

Naval  Electronics  Laboratory 
San  Diego  52,  California 

10  ASTIA 

Arlington  Hall  Station 
Arlington  12,  Virginia 

1  Commanding  Officer 

Office  of  Naval  Research 
Branch  Office 
1000  Geary  Street 
San  Francisco  9,  California 


1  Commanding  Officer 
Office  of  Naval  Research 
Branch  Office 

John  Crerar  Library  Building 
86  E.  Randolph  Street 
Chicago  1,  Illinois 

•  10  Commanding  Officer 

Office  of  Naval  Research 
Navy  100 

Fleet  Post  Office  Box  39 
New  York,  New  York 

2  Chief,  Bureau  of  Ships 
Navy  Department 
Washington  25,  D.  C. 

Attention:  Code  67O 

2  Chief,  Bureau  of  Aeronautics 
Navy  Department 
Washington  25,  D.  C. 

Attention:  Code  AV 

Chief,  Naval  Operations 
Navy  Department 
Washington  25,  D.  C. 

1  Attention:  Code  Op  30 
1  Op  3i 

1  U.  S.  Naval  Post  Graduate  School 
Monterey,  California 

1  Commander 

Naval  Air  Missile  Test  Center 
Point  Mugu,  California 

1  Chief,  European  Office 

Air  Research  and  Development 
Command 

^  47  Rue  Cantersteen 

Brussels,  Belgium 


-  1  - 


cc  Addresses 

Commanding  General 
Air  Force  Reseeirch  Division 
Air  Resecnrch  and  Development 
Command 

Bedford^  Massachusetts 
8  Attention:  CRRE 
1  ERRSA-1 

1  Director 

Air  University 
Maxwell  Air  Force  Base 
Alabama 

Attention:  Cr  ^582 

1  Assistant  Secretary  of  Defense 
(Research  and  Development) 
Department  of  Defense 
Washington  25,  D.  C. 

Attention:  Technical  Library 

1  Chief,  West  Coast  Office 
USASRDL  Building  No.  6 
75  South  Grande  Avenue 
Pasadena  2,  California 

1  Chief  Signal  Officer 
Department  of  the  Navy 
Washington  2^,  D.  C. 

Attention:  SIGRD 

1  Commanding  Officer 

U.  S.  Army  Signal  Missile 
Support  Agency 
White  Sands,  New  Mexico 

1  Commanding  General 

U.  S.  Army  Ordnance  Missile 
Ground 

Huntsville,  Alabama 
Attention:  ORDAB-T 

1  Commanding  Officer 

U.  S.  Naval  Proving  Ground 
Dahlgren,  Virginia 

1  Commander 

U.  S.  Naval  Air  Development 
Center 

Johnsville,  Pennsylvania 


cc  Addresses 

1  Commanding  Officer 

Office  of  Ordnance  Research 
Box  CM,  Duke  Station 
Durhaun,  North  Ceurolina 

1  Airborne  Instrument  Laboratory 
Comae  Road 

Deer  Park,  L.  I.,  New  York 
Attention:  John  Dyer 

1  U.  S.  Coast  Guard 
1300  E.  Street,  N.W. 

VteLShlngton  2$,  D.  C. 

Attention:  EEE 

1  Secretary 

Commission  on  Electrics 
Office  of  the  Assistant  Secretary 
of  Defense 

(Research  and  Development) 
Department  of  Defense 
Washington  23,  D.  C. 

1  Director  of  Amy  Research 

Office,  Chief  of  Research  and 
Development 
Washington  25,  D.  C. 

1  Chief  Signal  Officer 
Department  of  the  Army 
Washington  25/  D*  C. 

Attention:  SIGC!005b4 

1  Commanding  General 

U.  S.  Army  Electronic  Proving 
Ground 

Fort  Huachuca,  Arizona 
ATTN:  Technical  Library, 

Greely  Hall 

1  Commanding  General 

Naval  Ordnance  Laboratory 
Corona,  California 

32  Signal  Property  Agent 

Building  2504,  Ifcitson  Area 
Fort  Monmouth,  New  Jersey 
Attention:  Officer  of  Research 
Operations 


-  2  - 


cc  Addresses 

1  Bell  Telephone  Laboratories 
Murray  Hill  Laboratory 
Murray  Hill,  New  Jersey 
Attention:  Dr.  J.  R.  Pierce 

1  Office  of  the  Chief  of 
Engineers 

Department  of  the  Army 
Washington  25,  D.  C. 

1  California  Institute  of 
Technology 

Department  of  Electrical  Eng. 
Pasadena,  California 
Attention:  Professor 

L.  M.  Field 

1  Commanding  Officer 

Engineering  Research  and 
Development  Laboratory 
Ft.  Belvoir,  Virginia 

1  Ballistics  Research  Laboratory 
Aberdeen  Proving  Ground 
Aberdeen,  Maryland 
Attention:  D.  W.  W.  Delsasso 

2  Chief  of  Staff 
United  States  Air  Force 
Washington  25,  D.  C. 

Attention:  AFDRD-SC-3 

2  Commanding  General 

Rome  Air  Development  Center 
Grlfflss  Air  Force  Base 
Rome,  New  York 
Attention:  RCRW 

5  Commander 

Air  Force  Office  of  Scientific 
Research 
Attention:  SRYA 
Washington  25,  D.  C. 

1  National  Science  Foundation 

1951  Constitution  Avenue,  N.  W, 
Washington  25,  D.  C. 


cc  Addresses 

1  Commander 

Air  Force  Armament  Center 
Attention:  Technical  Library 
Elgin  Air  Force  Base,  Florida 

1  Commander 

Air  Force  Missile  Development 
Center 

Attention:  Technical  Library 
Holloman  Air  Force  Base 
New  Mexico 

1  I^.  U-'.  .S.  Army  Material  Command 

Building  T-7 
Attention:  AMIRD-DE-MI 

Washington,  D.C. 

1  Commanding  Officer 
Frankford  Arsenal 
Bride sburg 

Philadelphia,  Pennsylvania 
Commander 

Wright  Air  Development  Division 
Wright “Patterson  Air  Force  Base 
Ohio 

2  Attention:  WCLC 

4  WCLRC 

1  WCLRC 

1  WPU 

1  WCLJH 

1  WCRE 

2  WCRED 

1  WCRET 

1  AEMTC  (AEMTC  Technical  Library- 
MU  135) 

Patrick  Air  Force  Base 
Cocoa,  Florida 

1  Chief,  Physics  Branch, 

Division  of  Research 
U.  S.  Atomic  Energy 
1901  Constitution  Avenue,  N.  W. 
Washington  25,  D.  C. 


-  3  - 


cc  Addresses 


cc  Addresses 


1  Commander  1 

Arnold  Engineering  Development 
Center 

Attention:  Technical  Library 
Tullahome,  Tennessee 

1  Commander  1 

Air  Force  Special  Weapons 
Center 

Attention:  Technical  Library 

Kirtland  Air  Force  Base 

New  Mexico  1 

1  Commandant 

Air  Force  Institute  of  Tech. 
Attention:  MCLI,  Tech.  Library  1 
Wrlght-Patterson  Air  Force  Base 
Ohio 

1  Commander 

Air  Force  Ballistic  Missile  1 

Division 

Heeidquarters  ARDC 
Attention:  WDSOT 

Post  Office  Box  262  1 

Inglewood,  California 

4o  Stanford  University 
Stanford,  California 


Director 

Electronics  Defense  Group 
Engineering  Research  Institute 
University  of  Michigan 
Ann  Arbor,  Michigan 

Columbia  University 
Columbia  Radiation  Laboratory 
New  York  27,  New  York 
Attention:  Mr.  Bernstein 

Cruft  Laboratory 
Harvard  University 
Cambridge,  Massachusetts 

Dr.  Winston  H.  Bostick 
Department  of  Physics 
Stevens  Institute  of  Technology 
Hoboken,  New  Jersey 

Sperry  Gyroscope  Company 
Great  Neck,  L.  I.,  New  York 
Attention:  Technical  Library 

Sylvanla  Electric  Systems 
Applied  Research  Laboratory 
UObSylvan  Road 
Waltham  Massachustts 
Attention:  Charles  E.  Arnold 


1 


1 


i  Sylvanla  Electric  Produbts,  Inc. 
500  Evelyn  Avenue 
Mountain  View,  California 
Attention:  Special  Tube 
Operations 


1 


1 


Ohio  State  University 
Department  of  Electrical  Eng. 
Columbus  10,  Ohio 
Attention:  Professor 

E.  M.  Boone  1 


1  University  of  Michigan 
Willow  Run  Research  Center 
Engineering  Research  Instltue 
Aon  Arbor,  Michigan 
Attention:  Dr.  H.  Goode 


Varian  Associates 
6ll  Hansen  Way 
Palo  Alto,  California 
Attention:  Technical  Library 

University  of  Texas 
Defense  Research  Laboratory 
Austin,  Texas 

Attention:  Harold  D.  Krick,  Sr. 

Massachusetts  Institute  of 
Technology 

Research  Laboratory  of 
Electronics 

Cambridge  39>  Massachusetts 
Attention:  Mr.  Hewitt 
Librarian 


-  k  - 


Addresses 


cc  Addresses  cc 

1  Brooklyn  Polytechnic  Institute 
Microwave  Research  Institute 
55  Johnson  Street 
Brookly  1,  New  Jersey 
Attention:  Mr.  Jerome  Fox 

1  Dr.  John  R  Whlnnery 

Division  of  Electrical  Eng. 
University  of  California 
Berkeley  4,  California 

1  Professor  Hajis  Itotz 
Oxford  University 
Oxford,  England 

1  Lincoln  Laboratory 

Massachusetts  Institute  of 
Technology 
P.  0.  Box  73 

Lexington,  Massachusetts 

1  Gllfllllan  Brothers 
1815  Venice  Blvd. 

Los  Angeles,  California 
Attention:  Countermeasures 
Laboratories 

1  Hallicrafters 

kkOl  West  5th  Street 
Chicago,  Illinois 
Attention:  William  Franltart 

1  The  Maxson  Corporation 
k60  West  3^th  Street 
New  York  1,  New  York 

1  Motorola,  Incorporated^ 

8330  Indiana  Avenue 
Riverside,  California 
Attention:  Robert  W.  Barton 

1  Raytheon  Manufacturing  Corp. 
Waltham  Massachusetts 
Attention:  Research  Division 
Library 


Sperry  Gyroscope  Company 
Electronic  Tube  Division 
Great  Neck,  L.  I.,  New  York 
Attention:  T.  Sege 

4  Office  of  Ordnance 
U.  S.  Army 
Box  CM,  Duke  Station 
Durham,  North  Carolina 

1  Electron  Tube  Division  of  the 
Research  Laboratory 
General  Electric  Company 
The  Knolls 

Schenectady,  New  York 

1  Glenn  L.  Martin  Company 
Baltimore,  Marylauid 
Attention:  Mary  E.  Exxo 

1  Hughes  Aircraft  Company 
Florence  Ave.  and  Teale  St. 

Culver  City,  California 
Attention:  Mr.  Nicholas  E.  Devereux 
Technical  Document  Center 

1  The  Rand  Corporation 
1700  Main  Street 
Santa  Monica,  California 
Attention :  Margaret  Anderson 
Librarian 

1  Dr,  Walter  Higa 

Engineering  Specialist 
Research  Group  Supervisor 
California  Institute  of  Technology 
4800  Oak  Grove  Drive 
Pasadena  3>  California 

1  General  Electric  Microwave  Lab. 

601  California  Avenue 
Palo  Alto,  California 
Attention :  Librarian 

1  Pacific  Union  College 
Physics  Department 
Angwln,  California 
Attention:  Dr.  Ivan  Nellson 


-  5  - 


cc  Addresses 

1  Dr.  A.  D.  Berk 

kl'ih  Del  Key  Avenue 
Venice^  California 

1  Dr.  A.  F.  Pierce 

laperial  College  of  Science 
and  Technology 
South  Kensington 
London^  S.  W. >  England 

1  The  Mitre  Corporation 
P.  0.  Box  208 

Lexington  73>  Massachusetts 

1  Mr.  Jack  Siumners 
Varlan  Associates 
6ll  Hansen  Way 
Palo,  Alto,  California 

1  General  Electric  Con5)any 
Power  Tube  Division 
Electronic  Components  Division 
Buildlog.’.26g,  Room  205 
One  River  Road 
Schenectady  5>  New  York 

1  Litton  Industries 

Electron  Tube  Division 
960  Industrial  Road 
San  Carlos,  California 

1  Eltel-McCullough,  Inc. 

Research  Library 
301  Industrial  Way 
San  Carlos,  California 

1  Stanford  Research  Institute 
Menlo  Park,  California 
Attention:  Documents  Center 

1  Bendix  Coirporation 
Red  Bank  Division 
Eatontown,  New  Jersey 
Attention:  Mr.  S.  Barbasso 


cc  Addresses 

1  High-Power  Klystron  Department 

0.38 

Attention:  Dr.  John  Romalne 
Sperry  Gyroscope  Company 
Great  Neck,  L.  I. ,  New  York 

1  Dr.  Bertll  Agdur 

Microwave  Department 

Royal  Institute  of  Technology 

Stockholm,  Sweden 

1  California  Institute  of 
Technology 

Electron  Tube  Laboratory 
Pasadena,  California 

1  Robert  Vehn 

Watkins -Hohnson  Company 
3333  Hlllview  Avenue 
Palo  Alto,  California 

1  Sperry  Electronic  Tube  Division 
Sperry  Rand  Corporation 
Gainesville,  Florida 

1  Research  Division  Libreury 
Raytheon  Company 
28  Seyon  Street 
Waltham  5^;  Massachusetts 

1  Mr.  J.  F.  Kane 

Kane  Engineering  Laboratories 
8U5  Commercial  Street 
Palo  Alto,  California 

1  Phillips  Laboratoties 

Division  of  North  American 
Phillips  Company,  Inc. 
Irvington-on-Hudson 
New  York 

Attention:  Robert  C.  Bohlinger 
1  Director 

U.  S.  Naval  Research  Labs. 
Washington  25,  D.  C. 

Attention:  Code  5300 


.  6  - 


I 


cc  Addresses 


1 .  Sperry  Phoenix  Congiany 

Division  of  Sperry  Rand  Corp. 
Phoenix,  Arizona 
Attention:  Tech.  Librarian 

1  TUCOR,  Incorporated 
l8  Marshall  Street 
South  Norwalk,  Connect ifeut 
Attention:  Mrs.  Marion  Osband 

1  Professor  H.  W.  Konig 
Institute  fur 

Hochf requenzt  echnik 
Technische  Hoehschule 
Vienna  4, 

Gusshausstrasse  2^ 

Austria 

1  Dr.  V.  L.  Stout,  Manager 

Physical  Electronic  Research 
P.  0.  Box  1088 
Schenectady,  New  York 

1  Institute  for  Defense  Analysis 
Research  and  Engineering 
Support  Dlvisiota 
1825  Connecticut  AVe.,  N.  W. 
Washington  25  D.  C. 

Attn:  Technical  Information 
Office 

1  Director 

National  Security  Agency 
Fort  George  G.  Meade,  Maryland 
Attention:  CREF-332  (Rm.  2008?) 

,  Miss  Creswell 

Librarian 

1  Research  Center  for  the  Airtron^^ 
Division  of  Litton  Ind^istries 
200  East  Hanover  Avenue 
Morris  Plains,  New  Jersey 
Attention:  J.  W.  Neilson,  ^ 
Manager 

Solid  State  Materials 
Laboratory 


ce  Addresses 

1  Commanding  Officer 

U.  S.  Army  Research  Office 
Durham 

Box  CM,  Duke  Station 
Durham,  North  Carolina 
Attention:  CRD-AA-IP,  Mr.  Ulsh 

1  Cornell  University 

School  of  Electrical  Engineering 
Ithaca,  New  York 
Attention:  Professor  G.  C. 

Dalman 

1  Carlyle  Barton  Lab. 

The  Johns  Hopkins  University 
Charles  and  3^th  Streets 
Baltimore  I8,  Maryland 
Attention:  Libreurian 

1  Professor  Sana!  Mito 
Osaka  City  University 
Department  of  Engineering 
12  Nishi-Ogimachi,  Kitaku 
Osaka,  Japan' 

1  CERN 

Service  d' Information  Scientlfique 
Attn:  Mne  L.  Goldschmlt-Clermont 
Geneva  23,  Switzerland 

1  Amphenol-Borg  Electronics 
Corporation 

2801  South  25th  Avenue 
Broadview,  Illinois 
ATTN:  Mr.  R.  C.  Becker 

Senior  Staff  Engineer 

Mr.  Glen  Wade 
Spencer  Laboratories 
Btirlington,  Massachustts 

Scientific  Attache 
Swedish  Qnbassy 
2249  R.  Street,  N.  W. 

Washington  8,  D.  C. 


-  7  - 


cc 


Addresses 


ee 


Addresses 


1  Dr.  Yen 

Department  of  Electrical  Eng. 
University  of  Toronto 
Toronto  Ontario 
Canada 

1  M.  A.  Allen 

Microwave  Associates  Inc. 
Burlington,  Massachusetts 

3  Coa  inding  Officer 

'  U.  S.  Army  Research  Office 

(Durham) 

ATTN:  CRD-AA-IP,  Box  CM 
Duke  Station 
Durham,  North  Carolina 

1  Raytheon  Company 
Resedrch  Division . 

Waltham  Massachusetts 
ATTN:  Mrs.  Madeleine  Benett 
Librarian 

1  USNPG 

Monterey,  California 
AITN;  Prof.  Gray 
Electronics  Department 

1  Dr.  £.  A.  Ash 

Standeurd  Telecommunications  Lab. 
Ltd. 

London  Road 
Harlow,  Essex,  England 

1  Dr.  W.  Veith 

Siemens  and  Halske  Aktiengesell- 
schaft 

St.  Martin  Strasse  76 
Munchen  8,  Germany 

1  Dr.  Humio  Inaba 

Electrical  Engineering  Department 
Tohoku  University 
Sensal,  Japan 

1  Dr.  T.  Rossing 
St.  Olaf  College 
Northfield,  Mennesota 


1  Carnegie  institute  of  Technology 
Department  of  Electrical  Eng. 
Scheniay  Park 

iPlttsburgh  13,  Pennsylvania 

1  U.  S.  Atomic  Energy  ‘Commission 
Research  Division 
Washington  25,  D.  C.-; 

Attn:  Mr.  Wm.  C.  Gough 


-  8  - 


r 


